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INVARIANT RICCI-FLAT KA¨HLER METRICS ON TANGENT
BUNDLES OF COMPACT SYMMETRIC SPACES
P. M. GADEA, J. C. GONZA´LEZ-DA´VILA, AND I. V. MYKYTYUK
Abstract. We give a description of all G-invariant Ricci-flat Ka¨hler met-
rics on the canonical complexification of any compact Riemannian symmetric
space G/K of arbitrary rank, by using some special local (1, 0) vector fields
on T (G/K). As the simplest application, we obtain the explicit description
of the set of all complete SO(3)-invariant Ricci-flat Ka¨hler metrics on TS2,
which includes the well-known Eguchi-Hanson-Stenzel metrics and a new one-
parameter family of metrics.
1. Introduction
As it is well known, the existence of Ricci-flat Ka¨hler metrics on either compact
or non-compact Ka¨hler manifolds is very different. Given a compact Ka¨hler
manifold whose first Chern class is zero, by Yau’s solution of Calabi’s conjecture,
there is a unique Ricci-flat Ka¨hler metric in the original Ka¨hler class. If the
Ka¨hler manifold is not compact, the situation is completely different, and it
could in principle admit many of such metrics, even complete metrics. There
is not for now a general existence theorem for Ricci-flat Ka¨hler metrics on non-
compact Ka¨hler manifolds.
Over the latest decades there has been considerable interest in Ricci-flat
Ka¨hler metrics whose underlying manifold is diffeomorphic to the tangent bundle
T (G/K) of a rank-one compact Riemannian symmetric spaceG/K. For instance,
a remarkable class of Ricci-flat Ka¨hler manifolds of cohomogeneity one was dis-
covered by M. Stenzel [1]. This has originated an extensive series of papers. To
cite but a few: M. Cveticˇ, G.W. Gibbons, H. Lu¨ and C.N. Pope [2] studied
certain harmonic forms on these manifolds and found an explicit formula for the
Stenzel metrics in terms of hypergeometric functions. Earlier, T.C. Lee [3] gave
an explicit formula of the Stenzel metrics for classical spaces G/K but in another
vein, using the approach of G. Patrizio and P. Wong [4]. J.M. Baptista [5] used
the Stenzel metrics on SL(2,C) ∼= T (SU(2)) for holomorphic quantization of the
classical symmetries of the metrics. A. S. Dancer and I.A. B. Strachan [6] gave
a much more elementary and concrete treatment in the case that G/K is the
round sphere Sn = SO(n+1)/SO(n), exploiting the fact that the Stenzel metrics
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are of cohomogeneity one with respect to the natural action of the Lie group G
on T (G/K). Remark also that in the case of the standard sphere S2, the Stenzel
metrics coincide with the well-known Eguchi-Hanson metrics [7].
The natural question arises on a construction of G-invariant Ricci-flat Ka¨hler
metrics (all metrics in as many cases as possible) on the tangent bundles of
compact Riemannian symmetric spaces G/K of any rank or, equivalently, on
the complexification GC/KC (for the latter spaces, see G.D.Mostow [8, 9]). The
most general existence theorems to date are due to H. Azad and R. Kobayashi [10]
and R. Bielawski [11]. These results are non-constructive in nature and rely on
non-linear analysis. At this moment, explicit expressions for such metrics have
been found only when G/K is an Hermitian symmetric space (see O. Biquard
and P. Gauduchon [12, 13], where these metrics are hyper-Ka¨hlerian, thus auto-
matically Ricci-flat). Note that for the simplest case, G/K = CPn, there is also
an explicit formula for these metrics by E. Calabi [14] giving the Ka¨hler form
of T (G/K) as the sum of the pull-back of the Ka¨hler form on CPn and a term
given by an explicit potential.
In the present paper we obtain a description, reached in our main theorem
(Theorem 5.1) of such metrics for compact Riemannian symmetric spaces of any
rank, as we outline with some more detail in the next paragraph.
Let G/K be a homogeneous manifold, G being a connected, compact Lie
group. The tangent bundle T (G/K) has a canonical complex structure JKc
coming from the G-equivariant diffeomorphism T (G/K) → GC/KC. The latter
space is the complexification of G/K mentioned above. Our approach is based on
the explicit algebraic description of some special local (1, 0) vector fields defined
on an open subset of T (G/K) (see Lemma 3.5). These vector fields determine,
for each G-invariant Ka¨hler metric g on T (G/K) associated to JKc , a G-invariant
function S : T (G/K) → C so that the Ricci form Ric(g) of g can be expressed
(Proposition 3.6) as Ric(g) = −i ∂∂¯ lnS.
Then, using the root theory of symmetric spaces, we can describe, for G/K
being any Riemannian symmetric space of compact type, all G-invariant Ka¨hler
structures (g, JKc ) which moreover are Ricci-flat on an open dense subset
T+(G/K) of T (G/K). Here, T+(G/K) is the image of G/H × W+ under a
certain G-equivariant diffeomorphism, where W+ is some Weyl chamber and H
denotes the centralizer of a (regular) element of W+ in K. Such G-invariant
Ka¨hler and Ricci-flat Ka¨hler structures are determined uniquely by a vector-
function a : W+ → gH satisfying certain conditions (Theorem 5.1), gH being the
subalgebra of Ad(H)-fixed points of the Lie algebra of G.
We also give (in Section 6) its simplest application; namely, we describe,
in terms of our vector-functions a : R+ → so(3), the set of all G-invariant
Ricci-flat Ka¨hler metrics (g, JKc ) on the punctured tangent bundle T
+
S
2 =
TS2\{zero section} of S2 = SO(3)/SO(2) and, among them, those that ex-
tend to smooth complete metrics on the whole tangent bundle. This family
of SO(3)-invariant Ricci-flat Ka¨hler metrics on TS2 includes the well-known ∂∂¯-
exact Eguchi-Hanson (hyper-Ka¨hlerian) metrics [7] reopened by M. Stenzel [1]
and a new family of metrics which are not ∂∂¯-exact.
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In our next paper [15] we give an explicit description, by using the technique
of this article and the main Theorem 5.1, of the set of all G-invariant Ricci-flat
Ka¨hler metrics (g, JKc ) on T (G/K), whereG/K is a compact rank-one symmetric
space. It is also shown that this set contains a new family of metrics which are
not ∂∂¯-exact if G/K ∈ {CPn, n > 1}, and coincides with the set of Stenzel
metrics for any of the latter spaces G/K.
2. Preliminaries
2.1. Invariant polarizations. Let M˜ be a smooth real manifold such that two
real Lie groups G and K act on it and suppose that these actions commute and
the action of K on M˜ is free and proper. Then the orbit space M = M˜/K is
a well-defined smooth manifold and the projection mapping π˜ : M˜ → M is a
principal K-bundle. Since the actions of G and K on M˜ commute, there exists
a unique action of G on M such that the mapping π˜ is G-equivariant.
Let K ⊂ TM˜ be the kernel of the tangent map π˜∗ : TM˜ → TM . Then K is
an involutive subbundle (of rank dimK) of the tangent bundle TM˜ . Since the
actions of G and K commute, the subbundle K is G-invariant.
Suppose that (M,ω) is a (smooth) symplectic manifold with a G-invariant
symplectic structure ω. Let J be a G-invariant almost complex structure on
M and let F (J) ⊂ TCM be its complex subbundle of (1, 0)-vectors, that is,
ΓF (J) = {Y − iJY, Y ∈ Γ(TM)}. The pair (ω, J) is a Ka¨hler structure on M
if and only if the subbundle F (J) is a positive-definite polarization, i.e. (a) the
complex subbundle F (J) of rank 12 dimRM is involutive; (b) F (J) ∩ F (J) = 0;
(c) ω(F (J), F (J)) = 0 (it is Lagrangian); and (d) iωx(Z,Z) > 0 for all x ∈ M ,
Z ∈ Fx(J) \ {0} (see V.Guillemin and S. Sternberg [16, Lemma 4.3]).
In this case, the 2-form ω is invariant with respect to the automorphism J of
the real tangent bundle TM and the bilinear form g = g(ω, J), where g(Y,Z)
def
=
ω(JY,Z), for all vector fields Y,Z onM , is symmetric and positive-definite. It is
clear that each positive-definite polarization F on (M,ω) determines the Ka¨hler
structure (g, ω, J) with complex tensor J such that F = F (J) and g = g(ω, J).
Since F is an involutive subbundle of TCM , it is determined by the differential
ideal I(F ) ⊂ ΛTC∗M (closed with respect to exterior differentiation). Then
π˜∗(I(F )) ⊂ ΛTC∗M˜ is also a differential ideal and, consequently, its kernel F
is an involutive subbundle of TCM˜ . We will denote F also by π˜−1∗ (F ). This
subbundle is uniquely determined by two conditions: (1) dimC F =
1
2 dimRM +
dimK = 12(dim M˜+dimK); (2) π˜∗(F ) = F . It is evident that (π˜
∗ω)(F ,F ) = 0
and the subbundle F contains K . Moreover, F is K-invariant.
We can substantially simplify matters by working on the manifold M˜ with the
subbundle F rather than on the manifold M with the polarization F .
Lemma 2.1. Let M˜ be a manifold with two commuting actions of the Lie groups
G and K. Suppose that the action of K on M˜ is free and proper and let π˜ : M˜ →
M , where M = M˜/K, be the corresponding G-equivariant projection. Let ω be
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a G-invariant symplectic structure on M . Let F be a G-invariant involutive
complex subbundle of TCM˜ such that
(1) F is K-invariant;
(2) K C = F ∩F ;
(3) dimC F =
1
2 dimRM + dimK;
(4) (π˜∗ω)(F ,F ) = 0;
(5) i(π˜∗ω)x˜(Z,Z) > 0 for all x˜ ∈ M˜ , Z ∈ Fx˜ \K Cx˜ .
Then F = π˜∗(F ) is a positive-definite polarization on (M,ω), i.e., there exists
a unique Ka¨hler structure (g, ω, J) on M such that F = F (J) and g = g(ω, J).
Conversely, any positive-definite G-invariant polarization F on (M,ω) deter-
mines a unique G-invariant involutive subbundle F = π˜−1∗ (F ) with properties
(1)–(5).
Proof. The proof coincides up to some simple changes with that of Mykytyuk [17,
Lemma 3]. Since F is K-invariant and the kernel K of π˜∗ is contained in F , the
image F = π˜∗(F) of F is a well-defined subbundle of TCM of rank 12 dimRM .
We have F ∩F = 0 because K C = F ∩F . It then immediately follows from (4)
that the subbundle F is Lagrangian. To prove the smoothness and involutive-
ness of F we notice that π˜ is a submersion, i.e. for any point x˜ ∈ M˜ there exists
a convex neighborhood U˜ of x˜, coordinates x1, . . . , xN˜ on U˜ and coordinates
x1, . . . , xN on the open subset U = π˜(U˜) such that xj(x˜) = 0, j = 1, . . . , N˜ ,
and in these coordinates π˜|
U˜
is of type π˜ : (x1, x2, . . . , xN˜ ) 7→ (x1, x2, . . . , xN ).
We can choose U˜ such that (x1, . . . , xN , 0, . . . , 0) ∈ U˜ if (x1, . . . , xN˜ ) ∈ U˜ . Let
Y (x1, . . . , xN˜ ) =
∑N˜
j=1 aj(x1, . . . , xN˜ )∂/∂xj be any section of F|U˜ . The subbun-
dle K is spanned on U˜ by ∂/∂xj , j = N + 1, . . . , N˜ , and F|U˜ is preserved by
these ∂/∂xj . Therefore, the smooth vector field
(2.1) Y0(x1, . . . , xN˜ ) =
N˜∑
j=1
aj(x1, . . . , xN , 0, . . . , 0)
∂
∂xj
,
is also a section of F|U˜ (F is preserved by ∂/∂xj if and only if F is preserved
by the corresponding local one-parameter group [18, Prob. 2.56, p. 124]). Thus,
π˜∗
(
Y0(x1, . . . , xN˜ )
)
=
∑N
j=1 aj(x1, . . . , xN , 0, . . . , 0)∂/∂xj is a smooth section of
F |U . The involutiveness of F follows easily from (2.1). Now, it follows from (5)
that F is a positive-definite polarization. 
2.2. Invariant Ricci-flat Ka¨hler metrics. Let G be a Lie group acting on
the manifold M . Let J be some G-invariant complex structure on M . To
substantially simplify matters we will work on M with the G-invariant Ka¨hler
(symplectic) form ω rather than with the metric g:
g(X,Y ) = ω(JX, Y ), ω(X,Y ) = −g(JX, Y ), ∀X,Y ∈ Γ(TM).
Let dimM = 2n and z1, . . . , zn be some local complex coordinates on (M,J).
Then ω =
∑
16j,s6nwjsdzj∧dz¯s. In particular, wjs = ω(∂/∂zj , ∂/∂z¯s) and wjs =
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−wsj, that is, the matrix (ωjs) is skew-Hermitian. The Ricci form Ric(g) (corre-
sponding to the Ricci curvature) of the metric g is the (global) form given in the
local coordinates z1, . . . , zn (see [19, Ch. IX, §5]) by Ric(g) = −i∂∂¯ ln det(wjs).
The right-hand side does not depend on the choice of local complex coordinates.
The Ricci form Ric(g) is G-invariant because so are the complex structure J and
the form ω.
Let X1, . . . ,Xn be some linearly independent J-holomorphic vector fields de-
fined on some open dense subset O of M . Using these holomorphic (possibly
non-global) vector fields Xj , j = 1, . . . , n, we can calculate the function det(wjs)
on the subset O ⊂M up to multiplications by some holomorphic and some anti-
holomorphic functions. Indeed, putting Wjs = ω(Xj ,Xs), we obtain that locally
det(Wjs) = h · det(wjs) · h, where h is some non-vanishing local holomorphic
function (specifically, some determinant). Thus
(2.2) Ric(g) = −i∂∂¯ ln det(Wjs).
3. The canonical complex structure on T (G/K)
Consider a homogeneous manifold G/K, where G is a compact connected Lie
group and K is some closed subgroup of G. Let g and k be the Lie algebras of
G and K. There exists a positive-definite Ad(G)-invariant form 〈·, ·〉 on g.
Denote by m the 〈·, ·〉-orthogonal complement to k in g, that is, g = m ⊕ k is
the Ad(K)-invariant vector space direct sum decomposition of g. Consider the
trivial vector bundle G×m with the two Lie group actions (which commute) on
it: the left G-action, lh : (g,w) 7→ (hg,w) and the right K-action rk : (g,w) 7→
(gk,Adk−1 w). Let
π : G×m→ G×K m, (g,w) 7→ [(g,w)],
be the natural projection for this rightK-action. This projection isG-equivariant.
It is well known that G×Km and T (G/K) are diffeomorphic. The corresponding
G-equivariant diffeomorphism
(3.1) φ : G×K m→ T (G/K), [(g,w)] 7→ d
dt
∣∣∣
0
g exp(tw)K,
and the projection π determine the G-equivariant submersion Π = φ◦π : G×m →
T (G/K). It is clear that there exists a sufficiently small neighborhood Om ⊂ m of
zero in m and an open subset O ⊂ T (G/K) containing the whole linear subspace
To(G/K), o = {K}, such that the restriction of the map Π
(3.2) Π|exp(Om)×m : exp(Om)×m→ O
is a diffeomorphism. We will use this special local section exp(Om)×m ⊂ G×m
of the projection Π in our calculations below.
Remark 3.1. In the case when we consider simultaneously different homoge-
neous manifolds G/K with the same Lie group G we will denote the mappings
Π, π and φ by ΠK , πK and φK , respectively, and the K-orbit [(g,w)] of the
element (g,w) ∈ G×m by [(g,w)]K .
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Let GC and KC be the complexifications of the Lie groups G and K. In
particular, K is a maximal compact subgroup of the Lie group KC and the
intersection of K with each connected component of KC is not empty (note that
GC, KC, G and K are algebraic groups). Let gC = g⊕ ig and kC = k⊕ ik be the
complexifications of the compact Lie algebras g and k.
We denote by GR and KR the groups GC and KC, respectively, considered
as real Lie groups. Denote by ξlh, ξ ∈ g (resp. ξrh) the left (resp. right) GC-
invariant (holomorphic) vector fields on GC. The natural (canonical) complex
structure Jc on G
R = GC is defined by the right GR-invariant (1, 0) vector fields
ξrh = ξ
r − i(Iξ)r, ξ ∈ g, where I is a complex structure (in particular, I can be
taken as the multiplication by i) on gC and ξr and (Iξ)r are the right GR-invariant
vector fields on the real Lie group GR obtained from ξ and Iξ, respectively. In
turn, we denote by ξl the corresponding left GR-invariant vector field on GR.
Note here that, when dealing with vector fields on the Lie group G, we will use
the same notation, i.e. ξl, for the left G-invariant vector field on G corresponding
to ξ ∈ g.
Consider the complex homogeneous manifold GC/KC and the canonical holo-
morphic projection ph : G
C → GC/KC. Since the vector field ξrh on GC is right
KC-invariant and ph is a holomorphic submersion, its image ph∗(ξ
r
h) is a well-
defined holomorphic vector field on the complex manifold GC/KC.
Identifying GC/KC naturally with the real homogeneous manifold GR/KR we
obtain on GR/KR the canonical left GR-invariant complex structure JKc . This
structure is defined by the global (1, 0) vector fields ph∗(ξ
r
h) = p∗(ξ
r)− ip∗(Iξ)r,
ξ ∈ g, where p is the canonical projection p : GR → GR/KR.
Since G and K are maximal compact Lie subgroups of GC and KC, respec-
tively, by a result of Mostow [8, Theorem 4], we have that KC = K exp(ik),
GC = G exp(im) exp(ik), and the mappings
G×m× k→ GC, (g,w, ζ) 7→ g exp(iw) exp(iζ),
K × k→ KC, (k, ζ) 7→ k exp(iζ),(3.3)
are diffeomorphisms. Then the map
(3.4) f×K : G
C/KC → G×K m, g exp(iw) exp(iζ)KC 7→ [(g,w)],
is a G-equivariant diffeomorphism [9, Lemma 4.1]. It is clear that
(3.5) fK : G
C/KC → T (G/K), g exp(iw) exp(iζ)KC 7→ Π(g,w),
is also a G-equivariant diffeomorphism. The diffeomorphism fK supplies the
manifold T (G/K) with the G-invariant complex structure JKc . Moreover, this
structure is determined by the set of global holomorphic vector fields Xξh, ξ ∈ g,
on T (G/K) which are images of the holomorphic vector fields p∗(ξ
r)− ip∗(Iξ)r,
under the tangent map fK∗.
Lemma 3.2. Let G/K be a homogeneous manifold, where G is a connected
compact Lie group and K is a closed subgroup of G. Then for every w ∈ m there
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exists a unique pair (Bmw , B
k
w) of R-linear mappings B
m
w : g → m and Bkw : g → k
such that
(3.6) Id =
sin adw
adw
◦Bmw + (cos adw) ◦Bkw on the space g.
The operator-functions
Bm : m→ End(g,m), w 7→ Bmw , and Bk : m→ End(g, k), w 7→ Bkw,
are smooth on m. The global holomorphic vector field Xξh on T (G/K) = Π(G×
m), ξ ∈ g, is the Π∗-image of the following global vector field Xξ on G×m,
(3.7) Xξ(g,w)=
((
ξ′−i1− cos adw
adw
(Bmwξ
′)−i sin adw(Bkwξ′)
)l
(g),−i(Bmwξ′)
)
,
where ξ′ = Adg−1 ξ and T(g,w)(G×m) is identified naturally with the space TgG×
m.
If in addition the homogeneous manifold G/K is a symmetric space, we have
the following exact solutions of (3.6):
(3.8) Bmw =
adw
sin adw
◦ Pm, Bkw =
1
cos adw
◦ Pk,
where Pm : g → m and Pk : g → k are the natural projections determined by the
splitting g = m⊕ k, and therefore Xξh = Π∗
(
Xξ
)
, where
Xξ(g,w) =
((
ξ′ − i1− cos adw
sin adw
(Pmξ
′)− i sin adw
cos adw
(Pkξ
′)
)l
(g),−i adw
sin adw
(Pmξ
′)
)
.
Proof. To prove the lemma we calculate the components of the image of the right
GR-invariant vector field ξr − i(Iξ)r, ξ ∈ g on GR, under the diffeomorphism
GC → G×m× k, g exp(iw) exp(iζ) 7→ (g,w, ζ).
To this end we consider two curves exp(tξ)g exp(iw) and exp(tiξ)g exp(iw), t ∈
R, in the group GC = GR through the point g exp(iw) with tangent vectors
ξr(g exp(iw)), (Iξ)r(g exp(iw)), respectively (here, Iξ = iξ for ξ ∈ g). Using the
diffeomorphism (3.3) we obtain that
(3.9) exp(tεξ)g exp(iw) = ggε(t) exp(ivε(t)) exp(ikε(t)),
where ε ∈ {1, i} (hereafter this means that either ε = 1 or ε = i all times in
the formula), gε(0) = e, vε(0) = w and kε(0) = 0 and gε(t), vε(t) and kε(t)
are the (unique) smooth curves in G, m and k, respectively. Hence, Xξ(g,w) ∈
TC(g,w)(G×m) ∼= TCg G×mC is given by
(3.10) Xξ(g,w) =
(
(g′1(0)− ig′i(0))l(g), v′1(0)− iv′i(0)
)
.
Moreover, transforming the curves (3.9) to the curves
exp(−iw)g−1 exp(tεξ)g exp(iw)
=
(
exp(−iw)g−1ggε(t) exp iw)
)(
exp(−iw) exp(ivε(t))
)
exp(ikε(t))
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through the identity in GC and calculating their tangent vectors at e ∈ GC, we
obtain the following equation in gC = g ⊕ ig for the tangent vectors g′ε(0) ∈ g,
v′ε(0) ∈ m, k′ε(0) ∈ k:
(3.11) e−i adw(εAdg−1 ξ) = e
−i adwg′ε(0) +
1− e−i adw
i adw
iv′ε(0) + ik
′
ε(0),
because
d
dt
∣∣∣∣
0
exp(−X) exp(X + tY ) = 1− e
− adX
adX
(Y ) (see [20, Ch. II, Theo-
rem 1.7]). Since the map (3.3) is a diffeomorphism, there exists a unique so-
lution (g′(0), v′(0), k′(0)) = (g′ε(0), v
′
ε(0), k
′
ε(0)) ∈ g × m × k of Equation (3.11)
in gC, for each ε ∈ {1, i}. If ε = 1, one directly gets that (g′(0), v′(0), k′(0)) =
(Adg−1 ξ, 0, 0). If ε = i, we obtain one equation for g
C:
iAdg−1 ξ = g
′(0) +
ei adw − 1
adw
(v′(0)) + iei adwk′(0),
or two equations for g:

Adg−1 ξ =
sin adw
adw
v′(0) + cos adw k
′(0),
0 = g′(0) +
cos adw −1
adw
v′(0)− sin adw k′(0).
As we remarked above, these equations possess a unique solution. It is easy to
see that the first of them defines the operator-functions Bm : m → End(g,m),
w 7→ Bmw , and Bk : m → End(g, k), w 7→ Bkw, by Bmw(Adg−1 ξ) = v′(0) and
Bkw(Adg−1 ξ) = k
′(0). Since the mapping G × m × k → GC in (3.3) is a diffeo-
morphism, these operator-functions are smooth functions on m.
To complete the proof of the first part of our lemma, we substitute in (3.10)
the two triples (g′ε(0), v
′
ε(0), k
′
ε(0)) for ε ∈ {1, i} calculated above.
To prove the second part of the lemma it is sufficient to note that g = m⊕ k,
w ∈ m, and in the symmetric case the subspaces m and k are invariant subspaces
of the operators (adw)
2p, p = 0, 1, 2, ... 
Remark 3.3. Since the map m→ End(g), w 7→ adw, is Ad(K)-equivariant, i.e.
Adk ◦ adw ◦Adk−1 = adAdk w, for all k ∈ K, Ad(K)(m) = m, Ad(K)(k) = k, from
the uniqueness of the splitting (3.6) we obtain the Ad(K)-equivariance of the
maps w 7→ Bmw and w 7→ Bkw:
(3.12) Adk ◦Bmw ◦Adk−1 = BmAdk w, Adk ◦Bkw ◦Adk−1 = BkAdk w.
Remark 3.4. Let K0 ⊂ K be the identity component of the group K. Then
its complexification KC0 is also connected. According to Stenzel [1, Lemma
2], there exists a GC-invariant non-vanishing holomorphic form Θh of maximal
rank on the complex homogeneous space GC/KC0 ; that is, the canonical bundle
Λ(n,0)(GC/KC0 ), n = dimCG
C/KC0 , is holomorphically trivial. The existence of
the form Θh relies on the fact that as a group of transformations of m
C the
group Ad(KC)|mC is a subgroup of the complex orthogonal group O(mC) but
Ad(KC0 )|mC ⊂ SO(mC). The G-equivariant diffeomorphism fK0 given in (3.5) en-
dowes the manifold T (G/K0) with the complex structure J
K0
c and a G-invariant
nowhere-vanishing JK0c -holomorphic n-form, which we denote also by Θh.
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Fix some orthonormal basis ξ1, . . . , ξn (with respect to the form 〈·, ·〉) of the
space m. By definition, the holomorphic vector fields Xξ1h , . . . ,X
ξn
h are lin-
early independent at the point Π(e, 0) ∈ T (G/K) and therefore they are lin-
early independent on some open dense subset of T (G/K) (since the holomor-
phic vector fields ph∗((ξ1)
r
h), . . . , ph∗((ξn)
r
h) are linearly independent at the point
ph(e) = {KC} ∈ GC/KC). However, these global JKc -holomorphic (specifically,
(1, 0)) vector fields on T (G/K) are not G-invariant.
We will construct now certain global G-invariant smooth vector fields on G×m,
which in turn determine certain local (1, 0) vector fields on T (G/K), the latter
having the important property that the form Θh is a nonzero constant on them
(see (3.14) below), whenever K is connected. To this end, we consider the special
local section exp(Om) × m ⊂ G × m of the projection Π and the corresponding
open subset O = Π(exp(Om)×m) of T (G/K) (see (3.2)).
Lemma 3.5. We retain the notation of Lemma 3.2. The (complex) vector fields
Y ξ, ξ ∈ g, on the manifold G×m defined by
Y ξ(g,w) =
(( cos adw −1
adw cos adw
Bmw(sin adw ξ) +
1
cos adw
ξ
)l
(g), Bmw(sin adw ξ)
)
− i
(( cos adw −1
adw cos adw
Bmw(cos adw ξ)
)l
(g), Bmw(cos adw ξ)
)
,
(3.13)
are smooth and G-invariant. The vector fields Y ξO on the open subset O ⊂
T (G/K), Y ξO(Π(g,w)) = Π∗(g,w)(Y
ξ(g,w)), (g,w) ∈ exp(Om) × m, are smooth
(1, 0)-vector fields. If the subgroup K is connected we have
(3.14) Θh(Y
ξ1
O , . . . , Y
ξn
O ) = const 6= 0,
where ξ1, . . . , ξn is the given orthonormal basis of m.
If, in addition, the homogeneous manifold G/K is a symmetric space (K is
not necessarily connected), then for each ξ ∈ m we have
(3.15) Y ξ(g,w) =
(( 1
cos adw
ξ − i cos adw −1
sin adw
ξ
)l
(g), −i adw cos adw
sin adw
ξ
)
.
Proof. Suppose that K is connected and consider the canonical holomorphic
projection ph : G
C → GC/KC. Since the form Θh on GC/KC is GC-invariant
and holomorphic, its lift p∗h(Θh) is also a G
C-invariant and holomorphic form on
GC. It is clear that
p∗h(Θh)
(
(ξ1)
l
h, . . . , (ξn)
l
h
)
= const 6= 0,
where (ξ1)
l
h, . . . , (ξn)
l
h are the left G
C-invariant (global holomorphic) vector fields
on the complex Lie group GC corresponding to the vectors ξ1, . . . , ξn ∈ m.
But, as we remarked above, the group GC is diffeomorphic to G × m × k,
GC = G exp(im) exp(ik). Therefore for any g ∈ G, w ∈ m, ξ ∈ g, we have
ξlh(g exp(iw)) = Y
ξ(g exp(iw)) +Aξ(g exp(iw)) ∈ TC(GR),
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where the first component is tangent to the (real) submanifoldG exp(im) ⊂ GR at
g exp(iw) and the second one is tangent to the submanifold g exp(iw) exp(ik) ⊂
GR at g exp(iw). Since the image ph(g exp(iw) exp(ik)) is a one-point subset
ph(g exp(iw)) of G
C/KC, ph∗(A
ξ(g exp iw)) = 0 and, consequently,
p∗h(Θh)(Y
ξ1 , . . . , Y ξn)|G exp im = p∗h(Θh)((ξ1)lh, . . . , (ξn)lh)|G exp im = const 6= 0.
Taking into account that the restriction (fK ◦ph)|exp(Om) exp(im) of the map (sub-
mersion) fK ◦ ph (see Definitions (3.2), (3.4) and (3.5)),
GC
ph→ GC/KC fK→ T (G/K), g exp(iw) exp(iζ) ph7→ g exp(iw) exp(iζ)KC fK7→ Π(g,w)
is a diffeomorphism onto the open subset O ⊂ T (G/K), we obtain relation (3.14)
— note that — for the vector fields (fK ◦ ph)∗
(
Y ξ|exp(Om) exp(im)
)
. So that now
to complete the proof of the lemma it is sufficient to show that the component
Y ξ(g exp(iw)) of the left GC-invariant vector field ξlh coincides with the vec-
tor field Y ξ(g,w) in (3.13) under the natural identification of the submanifold
G exp(im) ⊂ GR with the manifold G × m. By such identification, the vector
field Y ξ on G×m is G-invariant and smooth.
Since the left GC-invariant vector field ξlh, for ξ ∈ g, is given by ξlh = ξl−i(Iξ)l,
ξ ∈ g, we have to calculate the components of the GR-invariant vector fields ξl
and (Iξ)l, tangent to the submanifold G exp(im).
To this end it is sufficient to consider the two curves g exp(iw) exp(tξ) and
g exp(iw) exp(tiξ), t ∈ R, in the group GC = GR through the point g exp(iw)
with tangent vectors ξl(g exp(iw)), (Iξ)l(g exp(iw)), respectively. By (3.3),
g exp(iw) exp(tεξ) = ggε(t) exp(ivε(t)) exp(ikε(t)),
where ε ∈ {1, i}, gε(0) = e, vε(0) = w, kε(0) = 0 and gε(t), vε(t) and kε(t) are
smooth curves in G, m and k, respectively. Hence, Y ξ(g,w) ∈ TC(g,w)(G × m) ∼=
TCg G×mC is given by
(3.16) Y ξ(g,w) =
(
(g′1(0)− ig′i(0))l(g), v′1(0)− iv′i(0)
)
.
From the equation
exp(tεξ) =
(
exp(−iw)gε(t) exp(iw)
)(
exp(−iw) exp(ivε(t))
)
exp(ikε(t))
in GC we obtain the following equation in gC = g ⊕ ig for the tangent vectors
g′ε(0) ∈ g, v′ε(0) ∈ m, k′ε(0) ∈ k:
(3.17) εξ = e−i adwg′ε(0) +
1− e−i adw
i adw
iv′ε(0) + ik
′
ε(0).
Since the map (3.3) is a diffeomorphism, there exists a unique solution (g′(0),
v′(0), k′(0)) = (g′ε(0), v
′
ε(0), k
′
ε(0)) ∈ g×m× k of Equation (3.17) in gC.
If ε = 1 we obtain one equation for gC:
ξ = e−i adwg′(0) +
1− e−i adw
adw
v′(0) + ik′(0),
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or two equations for g:
ξ = cos adw g
′(0) +
1− cos adw
adw
v′(0), 0 = − sin adw g′(0) + sin adw
adw
v′(0) + k′(0),
which are equivalent to the pair of equations
sin adw ξ =
sin adw
adw
v′(0) + cos adw k
′(0), g′(0) =
cos adw −1
adw cos adw
v′(0) +
1
cos adw
ξ.
Thus,
v′1(0)=B
m
w(sin adwξ), k
′
1(0)=B
k
w(sin adwξ),
g′1(0)=
cos adw −1
adwcos adw
Bmw(sin adwξ)+
1
cos adw
ξ,
where the operator-functions Bm : m → End(g,m) and Bk : m → End(g, k), w 7→
Bkw, are determined in Lemma 3.2. Similarly,
v′i(0) = B
m
w(cos adw ξ), k
′
i(0) = B
k
w(cos adw ξ), g
′
i(0) =
cos adw−1
adw cos adw
Bmw(cos adw ξ).
Now, substituting the two triples (g′ε(0), v
′
ε(0), k
′
ε(0)), for ε ∈ {1, i}, in (3.16) we
obtain expressions (3.13). Note here that because the mappings w 7→ adw, w 7→
Bmw , and w 7→ Bkw (w ∈ m), are Ad(K)-equivariant (see Remark 3.3 and (3.12)),
for any w ∈ m, ξ ∈ g, k ∈ K, it follows that
(3.18) if Y ξ(e, w) = (η, v) ∈ g×m then Y Adk ξ(e,Adk w) = (Adk η,Adk v).
To prove the last part of the lemma it is sufficient to note that in the symmetric
case the subspaces m and k are invariant subspaces of the operators (adw)
2p,
p = 0, 1, 2, ... and use (3.8). 
Given a G-invariant Ka¨hler structure (g, ω, JKc ) on T (G/K), where J
K
c is its
canonical complex structure, it follows from (2.2) that the Ricci form Ric(g) is
given by Ric(g) = −i ∂∂¯ ln det
(
ω
(
X
ξj
h ,X
ξs
h
))
. Since the vector fields X
ξj
h in (3.7)
are not G-invariant, the calculation of the function det(ω(X
ξj
h ,X
ξs
h )) is not sim-
ple. To substantially simplify this calculation we will prove that this function is
equal, up to a non-zero complex factor, to S·h, where S is some global G-invariant
function and h is locally expressed as h = h · h for some local JKc -holomorphic
function h on T (G/K). Specifically, we obtain the following result.
Proposition 3.6. Let G be a compact Lie group. Let g be a G-invariant Ka¨hler
metric on T (G/K) associated with the canonical complex structure JKc and let
ω be its fundamental form. Then the function S˜ : G×m→ C given by
(3.19) S˜(g,w) = det
(
(Π∗ω)(g,w)
(
Y ξj , Y ξs
))
,
is left G-invariant and right K-invariant and therefore determines a unique G-
invariant function S : T (G/K)→ C such that S˜ = Π∗S. We have
(3.20) Ric(g) = −i ∂∂¯ lnS.
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Proof. The function S˜ is G-invariant because so are the vector fields {Y ξj}. Let
us show that moreover S˜ is right K-invariant or, equivalently,
(3.21) det
(
(Π∗ω)(e,w)
(
Y ξj , Y ξs
))
= det
(
(Π∗ω)(e,Adk w)
(
Y ξj , Y ξs
))
,
for all k ∈ K. Indeed, since the form ω is G-invariant and the projection Π: G×
m → T (G/K) is an equivariant submersion with respect to the natural left G-
actions on G×m and T (G/K), it follows that Π∗ω is a left G-invariant and right
K-invariant form on G × m. Therefore, for any g ∈ G, ξ1, ξ2 ∈ g, u1, u2 ∈ m,
k ∈ K, we have
(Π∗ω)(e,w)
(
(ξ1, u1), (ξ2, u2)
)
= (Π∗ω)(g,w)
(
(ξl1(g), u1), (ξ
l
2(g), u2)
)
=(Π∗ω)(e,Adk w)
(
(Adk ξ1,Adk u1), (Adk ξ2,Adk u2)
)(3.22)
because (exp tξ · k−1, Adk(w + tv)) = (k−1 · exp t(Adk ξ), Adk w + tAdk v)).
Putting Y ξj(e, w) = (ηj , vj) ∈ TCe G× TCwm = gC ×mC, we obtain that
(Π∗ω)(e,w)
(
Y ξj , Y ξs
) def
= (Π∗ω)(e,w)((ηj , vj), (ηs, vs))
(3.22)
= (Π∗ω)(e,Adk w)((Adk ηj ,Adk vj), (Adk ηs,Adk vs))
(3.18)
= (Π∗ω)(e,Adk w)
(
Y Adk ξj , Y Adk ξs
)
.
(3.23)
Since by (3.13) the map m → gC × mC, ξ 7→ Y ξ(e, w), is linear and the
endomorphism Adk : m→ m is orthogonal (detAdk = ±1), we obtain
det
(
(Π∗ω)(e,w)
(
Y ξj , Y ξs
)) (3.23)
= det
(
(Π∗ω)(e,Adk w)
(
Y Adk ξj , Y Adk ξs
))
= det(Adk)
t ·det(Adk)·det
(
(Π∗ω)(e,Adk w)
(
Y ξj , Y ξs
))
= det
(
(Π∗ω)(e,Adk w)
(
Y ξj , Y ξs
))
.
This proves (3.21). Now it is easy to see that the function S with S˜ = Π∗S is
well defined. This function is smooth and G-invariant because the mapping Π is
a G-equivariant submersion.
In order to prove (3.20), suppose first that the subgroup K ⊂ G is connected.
Consider the holomorphic form Θh on T (G/K). Then there exists a constant
εn ∈ C such that εnΘh ∧ Θh is a volume form compatible with the orientation
defined by the symplectic structure ω on T (G/K). Thus there is a positive, real
analytic function S1 on T (G/K) such that
(3.24) ωn = S1 · εnΘh ∧Θh.
The function S1 is G-invariant because so are the forms ω and Θh.
On the other hand, putting (e1, . . . , e2n) =
(
Xξ1h , . . . ,X
ξn
h ,X
ξ1
h , . . . ,X
ξn
h
)
and
using the fact that ω, considered as a complex form, is of degree (1, 1), we obtain,
in particular, ω
(
X
ξj
h ,X
ξs
h
)
= 0, ω
(
X
ξj
h ,X
ξs
h
)
= 0. Hence, we can deduce from
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equation (3.24) that for some local holomorphic function h1 on T (G/K),
S1·εn|h1|2 = ωn(Xξ1h , . . . ,Xξnh ,Xξ1h , . . . ,Xξnh )
def
= 2−n
∑
σ∈S2n
ε(σ)ω(eσ(1), eσ(2)) · · ·ω(eσ(2n−1), eσ(2n))
∗
=
∑
σ∈Sn
ε(σ)ω(Xξ1h ,X
ξσ(1)
h ) · · ·ω(Xξnh ,X
ξσ(n)
h )
∗
= det
(
ω
(
X
ξj
h ,X
ξs
h
))
.
(3.25)
Here
∗
= means “equal up to a non-zero constant complex factor.”
Similarly, by Lemma 3.5 and since ω
(
Y
ξj
O , Y
ξs
O
)
= 0, ω
(
Y
ξj
O , Y
ξs
O
)
= 0, we have
from (3.24) and (3.14) that S1 is locally expressed as
S1 ∗= ωn(Y ξ1O , . . . , Y ξnO , Y ξ1O , . . . , Y ξnO )
∗
= det
(
ω
(
Y
ξj
O , Y
ξs
O
))
.
Then, using Lemma 3.5 again we obtain that locally
Π∗S1 ∗= Π∗
(
det
(
ω
(
Y
ξj
O , Y
ξs
O
)))
= det
(
(Π∗ω)
(
Y ξj , Y ξs
))
= S˜ = Π∗S.
Hence, using that S1 is G-invariant, G · O = T (G/K), we obtain that S(x) ∗=
S1(x) and from (3.25) we have
det
(
ω
(
X
ξj
h ,X
ξs
h
))
= S · ch,
where c ∈ C\{0} and h is a function on T (G/K) such that locally h = |h1|2.
Thus (3.20) holds.
Finally, suppose that K 6= K0, that is, K is not connected.
Since below we will consider the manifolds T (G/K0) and T (G/K) simulta-
neously, we will use the notation introduced above for objects on T (G/K) but
with indexes K0 and K respectively (if they exist). To complete the proof of
the lemma, consider the natural covering map Ψ: GC/KC0 → GC/KC. This map
is holomorphic and GC-equivariant. There exists a unique map ψ : T (G/K0)→
T (G/K) such that the following diagram is commutative:
GC/KC0
Ψ→ GC/KC
↓ f×
K0
f×
K
↓
G×K0 m G×K m
↓ φK0 φK ↓
T (G/K0)
ψ→ T (G/K)
g exp(iw) exp(iζ)KC0
Ψ→ g exp(iw) exp(iζ)KC
↓ f×
K0
f×
K
↓
[g,w]K0 [g,w]K
↓ φK0 φK ↓
φK0([g,w]K0)
ψ→ φK([g,w]K )
.
By definition, the map ψ is holomorphic and G-equivariant. Here the maps
(diffeomorphisms) φK , φK0 , and f
×
K , f
×
K0
are defined by (3.1) and (3.4).
Since the global vector fields Y ξ, ξ ∈ m, in (3.13) on G × m are determined
only in terms of the pair of Lie algebras (g, k), the function S˜ in (3.19) is the
same for the spaces T (G/K) and T (G/K0), that is, S˜ = Π∗KSK = Π∗K0SK0 .
Thus SK0 = ψ∗SK .
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Now, the map ψ is a local holomorphic diffeomorphism, hence ∂∂¯ lnSK0 =
ψ∗(∂∂¯ lnSK). Moreover, the form ωK0 = ψ∗ωK (ωK = ω) is the fundamental
form of the Ka¨hler metric gK0 on T (G/K0) associated with the canonical com-
plex structure JK0c . Since Ric(gK0) = ψ
∗
(
Ric(gK)
)
and as we proved above,
Ric(gK0) = −i ∂∂¯ lnSK0 , we obtain (3.20). 
4. Invariant Ricci-flat Ka¨hler metrics on tangent bundles of
compact Riemannian symmetric spaces
We continue with the previous notations but in this section and the following
one it is assumed in addition that G/K is a rank-r Riemannian symmetric space
of a connected, compact (possibly with nontrivial center) Lie group G.
4.1. Root theory of Riemannian symmetric spaces and reduced sym-
metric spaces of maximal rank. Here we will review a few facts about Rie-
mannian symmetric spaces [20, Ch. VII, §2, §11]. We have
(4.1) g = m⊕ k, where [m,m] ⊂ k, [k,m] ⊂ m, [k, k] ⊂ k, and k⊥m.
In other words, there exists an involutive automorphism σ : g→ g such that
k = (1 + σ)g and m = (1− σ)g.
Moreover the scalar product 〈·, ·〉 is σ-invariant.
Let a ⊂ m be some Cartan subspace of the space m. There exists a σ-invariant
Cartan subalgebra t of g containing the commutative subspace a, i.e.
t = a⊕ t0, where a = (1− σ)t, t0 = (1 + σ)t.
Then the complexification tC is a Cartan subalgebra of the reductive complex
Lie algebra gC and we have the root space decomposition
gC = tC ⊕
∑
α∈∆
g˜α.
Here ∆ is the root system of gC with respect to the Cartan subalgebra tC. For
each α ∈ ∆ we have
g˜α =
{
ξ˜ ∈ gC : ad t˜ ξ˜ = α(t˜)ξ˜, t˜ ∈ tC
}
and dimC g˜α = 1.
It is evident that the centralizer g˜0 of the space a
C in gC is the subalgebra
(4.2) g˜0 = t
C ⊕
∑
α∈∆0
g˜α,
where ∆0 = {α ∈ ∆ : α|aC = 0} is the root system of the reductive Lie algebra
g˜0 with respect to its Cartan subalgebra t
C.
Since the algebra g˜0 coincides with the centralizer of some (regular) element
xΠ ∈ a in gC, there exists a basis Π of ∆ (a system of simple roots) such that
Π0 = Π ∩ ∆0 is a basis of ∆0. Indeed, the element −ixΠ ∈ it belongs to the
closure of some Weyl chamber in it determining the basis Π. Then Π0 = {α ∈
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Π : α(−ixΠ) = 0}. The bases Π and Π0 determine uniquely the subsets ∆+ and
∆+0 of positive roots of ∆ and ∆0, respectively. It is evident that
∆+ \∆+0 = {α ∈ ∆ : α(−ixΠ) > 0}.
The set Σ = {λ ∈ (aC)∗ : λ = α|aC , α ∈ ∆\∆0} is the set of restricted roots of
the triple (g, k, a), which is independent of the choice of the σ-invariant Cartan
subalgebra t containing the Cartan subspace a. The following decomposition
(4.3) gC = g˜0 ⊕
∑
λ∈Σ+
(g˜λ ⊕ g˜−λ), where g˜λ =
∑
α∈∆\∆0, α|aC=λ
g˜α,
and Σ+ denotes the subset of positive restricted roots in Σ determined by the
set of positive roots ∆+, gives us the simultaneous diagonalization of ad(aC)
on gC. Denote by mλ the multiplicity of the restricted root λ ∈ Σ+, that is,
mλ = card{α ∈ ∆ : α|aC = λ}.
The set Σ is an abstract (not necessarily reduced) root system and its subset
ΠΣ = {λ ∈ (aC)∗ : λ = α|aC , α ∈ Π \ Π0} is a basis of Σ containing dim a
elements [20, Ch. VII, Theorem 2.19].
Lemma 4.1. Let ∆′ = {α ∈ ∆ : α(t0) = 0}. Then ∆′ ⊂ ∆ is a root subsystem
of the root system ∆ and ∆′ ⊂ ∆ \ ∆0. If α ∈ ∆′, α̂ ∈ ∆, with α 6= α̂ and
α|a = α̂|a, then α − α̂ ∈ ∆0. In particular, for any root α ∈ ∆′ the following
conditions are equivalent:
(1) α+ β 6∈ ∆ for all β ∈ ∆0;
(2) the restricted root λ = α|aC has multiplicity 1 (as an element of the
restricted root system Σ).
Proof. The set ∆′ is an (abstract) root subsystem of ∆ because the subset ∆′ ⊂
∆ is symmetric (∆′ = −∆′) and closed (if α1, α2 ∈ ∆′, α1 + α2 ∈ ∆ then
α1 + α2 ∈ ∆′). We have ∆′ ∩∆0 = ∅ because a⊕ t0 = t.
We now look at the standard scalar product on the real subspace V ⊂ (tC)∗
spanned by the set ∆ ⊂ (tC)∗. We can suppose that the Lie algebra g is semisim-
ple. Consider on gC the Killing form 〈·, ·〉K (which up to multiplication by a
non-zero scalar coincides with our form 〈·, ·〉 on each (real) simple ideal of g).
For each C-linear form µ on the Cartan subalgebra tC let Aµ ∈ tC be determined
by µ(A) = 〈Aµ, A〉K for all A ∈ tC and put 〈µ1, µ2〉K def= 〈Aµ1 , Aµ2〉K for any two
elements µ1, µ2 ∈ (tC)∗. It is well known that for each µ ∈ ∆ the vector Aµ ∈ it
and that the restriction of the Killing form 〈·, ·〉K to it is positive-definite.
Since a⊥t0, α|t0 = 0 and α|a = α̂|a, we obtain that Aα ∈ ia, Aα − Aα̂ ∈ it0
and, consequently, 〈α,α − α̂〉K = 0. Thus
〈α, α̂〉K = 〈α,α − (α− α̂)〉K = 〈α,α〉K > 0.
By the well-known property of root systems (see for example [21, Ch. 4,§1,
Theorem 1]) if 〈α, α̂〉K > 0 then α− α̂ ∈ ∆ unless α = α̂. Since (α− α̂)(a) = 0,
α − α̂ ∈ ∆0 by definition of the root subsystem ∆0. Hence mλ > 1 if and only
if there exists β ∈ ∆0 such that α+ β ∈ ∆ (because (α+ β)|a = α|a). 
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For each linear form λ on aC put
mλ
def
=
{
η ∈ m : ad2w(η) = λ2(w)η, ∀w ∈ a
}
,
kλ
def
=
{
ζ ∈ k : ad2w(ζ) = λ2(w)ζ, ∀w ∈ a
}
.
(4.4)
Then mλ = m−λ, kλ = k−λ, m0 = a and k0 equals h, the centralizer of a in k.
It is clear that mCλ ⊕ kCλ = g˜λ ⊕ g˜−λ for λ ∈ Σ+ and g˜0 = mC0 ⊕ kC0 = aC ⊕ hC
(the Cartan subspace aC is a maximal commutative subspace of mC). Note also
here that by (4.2) the subspace
t0 = (1 + σ)t is a Cartan subalgebra of the centralizer h and t = a⊕ t0.
By [20, Ch. VII, Lemma 11.3], the following decompositions are direct and
orthogonal:
(4.5) m = a⊕
∑
λ∈Σ+
mλ, k = h⊕
∑
λ∈Σ+
kλ.
We shall put
m+
def
=
∑
λ∈Σ+
mλ, k
+ def=
∑
λ∈Σ+
kλ.
Since the Lie algebra g is compact then λ(a) ⊂ iR. Define the linear function
λ′ : a→ R, λ ∈ Σ+, by the relation iλ′ = λ. We need the following lemma, which
is a generalization of [20, Ch. VII, Lemma 2.3].
Lemma 4.2. For any vector ξλ ∈ mλ, λ ∈ Σ+, there exists a unique vector
ζλ ∈ kλ such that
(4.6) [w, ξλ] = −λ′(w)ζλ, [w, ζλ] = λ′(w)ξλ for all w ∈ a.
In particular, dimmλ = dim kλ = mλ and there exists a unique endomorphism
T : m+ ⊕ k+ → m+ ⊕ k+ such that
(4.7) adw |mλ⊕kλ = λ′(w)T |mλ⊕kλ , T (mλ) = kλ, T (kλ) = mλ, ∀λ ∈ Σ+.
This endomorphism is orthogonal and T 2 = −Idm+⊕k+ .
Proof. As we remarked above,
(4.8) (mλ ⊕ kλ)C = g˜λ ⊕ g˜−λ.
It is well known that the C-linear extension of σ is an involutive automorphism
of the complex Lie algebra gC. We denote this involution also by σ. Then
(4.9) σ(g˜λ) = g˜−λ and σ(g˜−λ) = g˜λ.
Indeed, for any w ∈ a and E ∈ g˜λ we have [w,E] = λ(w)E and, consequently,
[−w, σ(E)] = λ(w)σ(E) because σ(w) = −w. Thus σ(g˜λ) ⊂ g˜−λ. Similarly, we
can show that σ(g˜−λ) ⊂ g˜λ. Taking into account that σ is nondegenerate, we
obtain (4.9).
Since g˜λ ∩ g˜−λ = 0 and σ(ξ) = −ξ for ξ ∈ mCλ , σ(ζ) = ζ for ζ ∈ kCλ , from (4.9)
it follows that
(4.10) g˜λ ∩mCλ = 0, g˜λ ∩ kCλ = 0, g˜−λ ∩mCλ = 0, g˜−λ ∩ kCλ = 0.
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From (4.8), (4.10) and dimensional arguments it follows that for the subspace
g˜λ ⊂ mCλ ⊕ kCλ the natural projections g˜λ → mCλ and g˜λ → kCλ are isomorphisms.
Therefore for any ξλ ∈ mλ ⊂ mCλ there exists a unique vector E ∈ g˜λ such
that E = ξλ + ζ, where ζ ∈ kCλ . But [w,E] = λ(w)E for each w ∈ a, that
is, [w, ξλ + ζ] = λ(w)(ξλ + ζ). By the relations (4.1), [w, ξλ] = λ(w)ζ and
[w, ζ] = λ(w)ξλ. Taking into account that λ(w) ∈ iR and [w, ξλ] ∈ k, putting
ζλ = iζ we obtain (4.6).
Relations (4.6) and (4.7) determine a unique endomorphism T for which
T (ξλ) = −ζλ, T (ζλ) = ξλ, ∀λ ∈ Σ+. Now the latter assertion of the lemma
is evident excepting orthogonality.
To prove the orthogonality of T it is sufficient to note that, by (4.5), for
different λ, µ ∈ Σ+, the subspaces mλ ⊕ kλ and mµ ⊕ kµ are orthogonal and for
two arbitrary pairs {ξλ, ζλ} and {ξ∗λ, ζ∗λ} for which Conditions (4.6) hold, we have
by Definition (4.4) that
(λ′(w))2〈ζλ, ζ∗λ〉 = 〈adw ξλ, adw ξ∗λ〉 = 〈− ad2w ξλ, ξ∗λ〉
= (λ′(w))2〈ξλ, ξ∗λ〉 = (λ′(w))2〈Tζλ, T ζ∗λ〉.
From this and the similar relation for {ξλ, ξ∗λ}, the orthogonality of T follows. 
Each restricted root λ defines a hyperplane λ(w) = 0 in the vector space a.
These hyperplanes divide the space a into finitely many connected components,
called Weyl chambers. These are open, convex subsets of a (see [20, Ch. VII,
§2,§11]). Fix the Weyl chamber W+ in a, containing the element xΠ:
W+ =
{
w ∈ a : λ′(w) > 0 for each λ ∈ Σ+}.
The subspace m ⊂ g is Ad(K)-invariant. Each Ad(K)-orbit in m intersects
the Cartan subspace a, that is, Ad(K)(a) = m. The open connected subset
mR = Ad(K)(W+) of m is called the set of regular points in m.
Since the centralizer of a (regular) element w ∈ W+ ⊂ a in the space m
coincides with the Cartan subspace a ⊂ m, the centralizer of the element w
coincides with the centralizer of the Cartan subspace a in Ad(K), i.e.
(4.11) H = {k ∈ K : Adk w = w} = {k ∈ K : Adk u = u for all u ∈ a}
because by [20, Ch. VII, Lemma 2.14], one has Gw = Ga, where
Gw = {g ∈ G : Adg w = w} and Ga = {g ∈ G : Adg u = u for all u ∈ a}.
Note also that the space h (see (4.5)),
(4.12) h = {u ∈ k : [u, a] = 0} = {u ∈ k : [u,w] = 0} = kw
is the Lie algebra of H. In particular, the subalgebra a⊕ h = gw ((a⊕ h)C = g˜0)
is a subalgebra of g of maximal rank.
Recall that a subalgebra b ⊂ g is said to be regular if its normalizer n(b) in
g has maximal rank, that is, rankn(b) = rank g. In other words, b is regular if
and only if b is normalized by some Cartan subalgebra of the algebra g.
18 P. M. GADEA, J. C. GONZA´LEZ-DA´VILA, AND I. V. MYKYTYUK
Our interest now centers on what will be shown to be an important subalgebra
of g. Let gH ⊂ g be the subalgebra of fixed points of the group Ad(H), i.e.
(4.13) gH
def
= {u ∈ g : Adh u = u for all h ∈ H}.
It is evident that gH ⊂ gh, where
(4.14) gh
def
=
{
u ∈ g : [u, ζ] = 0 for all ζ ∈ h}
is the centralizer of the algebra h in g. Note that in the general case one has
gH 6= gh (see Example 4.6 below).
To understand the structure of the algebra gH we consider more carefully the
centralizer gh. Since h is a compact Lie algebra, h = z(h) ⊕ [h, h], where z(h) is
the center of h and [h, h] is a maximal semisimple ideal of h. It is clear that
z(h) ⊂ gh and gh ∩ [h, h] = 0 because 〈gh, [h, h]〉 = 〈[gh, h], h〉 = 0.
Thus gh ⊕ [h, h] is a subalgebra of g.
By its definition, z(h) is a subspace of the center of the algebra gh. Moreover,
by (4.12), a ⊂ gh. The space a⊕ z(h) ⊂ gh is a Cartan subalgebra of gh. Indeed,
as we remarked above, the centralizer gCa = g˜0 = a
C ⊕ hC (by its definition,
k0 = h) is a subalgebra of g
C of maximal rank. Now since ga = a ⊕ z(h) ⊕ [h, h]
with a⊕ z(h) ⊂ gh, and gh⊕ [h, h] is a subalgebra of g, then rank ga− rank[h, h] =
rank gh = dim(a⊕ z(h)).
Since a ⊕ t0 is a Cartan subalgebra of the algebras g and ga = a ⊕ h, the
algebra t0 is a Cartan subalgebra of the algebra h and, consequently, z(h) ⊂ t0.
Moreover, since [t0,m] ⊂ m, [t0, k] ⊂ k, [a, t0] = 0, from Definitions (4.4) and
(4.7) we obtain that
[t0,mλ] ⊂ mλ and [t0, kλ] ⊂ kλ for each λ ∈ Σ+,
[adx, T ] = 0 on m
+ ⊕ k+ for each x ∈ t0.
(4.15)
By definition, [gh, h] = 0. Hence the space gh + h is a subalgebra of g. Since
a ⊂ gh and t0 ⊂ h, then a ⊕ t0 ⊂ gh + h. But a ⊕ t0 = t is a Cartan subalgebra
of g. This means that the complex reductive Lie algebras (gh + h)
C, gCh and
hC are ad(tC)-invariant (regular) subalgebras of gC. Taking into account that
t∩gh = a⊕z(h) and t∩h = t0, we obtain the following direct sum decompositions:
(4.16) gCh = a
C ⊕ z(h)C ⊕
∑
α∈∆h
g˜α and h
C = tC0 ⊕
∑
α∈∆0
g˜α,
where ∆h is some subset of the root system ∆. Since the spaces a ⊕ z(h) ⊂ t
and t0 ⊂ t are Cartan subalgebras of the algebras gh and h respectively, the
decompositions above are the root space decompositions of (gCh , (a⊕ z(h))C) and
(hC, tC0 ), respectively. In particular, the subset ∆h ⊂ ∆ is the root system of
(gCh , (a⊕ z(h))C).
Proposition 4.3. The algebra gh is a σ-invariant regular compact subalgebra
(possibly with nontrivial center) of g, in particular,
(4.17) gh = mh ⊕ kh, where mh = gh ∩m, kh = gh ∩ k,
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and (gh, kh) is a symmetric pair. The space a is a Cartan subspace of mh ⊂ gh
and a⊕ z(h) is a Cartan subalgebra of gh. The root subsystem ∆h ⊂ ∆ in (4.16)
of the reductive complex Lie algebra gCh is defined by the following relation
(4.18) ∆h =
{
α ∈ ∆ : α(t0) = 0, α+ β 6∈ ∆ for all β ∈ ∆0
}
.
The set Σh = {λ ∈ (aC)∗ : λ = α|aC , α ∈ ∆h} ⊂ Σ is the set of restricted
roots of the triple (gh, kh, a). Each element λ ∈ Σh ⊂ Σ has multiplicity 1, that is,
dimmλ = dim kλ = 1, and the following decompositions are direct and orthogonal:
mh = a⊕
∑
λ∈Σh∩Σ+
mλ, kh = z(h)⊕
∑
λ∈Σh∩Σ+
kλ.
Proof. Since h ⊂ k, then σ(h) = h and the centralizer gh of h in g is σ-invariant,
i.e. (4.17) holds.
As we proved above, a⊕z(h) ⊂ gh is a Cartan subalgebra of gh. Since a ⊂ mh =
gh∩m, this subspace is a Cartan subspace of mh as it is a maximal commutative
subspace of m.
The root system ∆h ⊂ ∆ of the algebra gCh in (4.16) is a subset of the root
system ∆′ (see Lemma 4.1). Indeed, since [gh, h] = 0 and t0 = (1 + σ)t is a
subspace of h = ga∩ k, we obtain that α(t0) = 0 for all α ∈ ∆h, that is, ∆h ⊂ ∆′.
Now to prove the relation (4.18) describing the root system ∆h it is sufficient to
recall that for any roots α, β ∈ ∆, α + β 6= 0, the commutator [g˜α, g˜β] = g˜α+β
if α + β ∈ ∆ and [g˜α, g˜β] = 0 otherwise [20, Ch. III, Theorem 4.3]. Taking
into account the second relation in (4.16) we obtain (4.18). By Lemma 4.1 each
restricted root λ = α|aC , α ∈ ∆h ⊂ ∆ has multiplicity 1.
Now all the latter assertions of the proposition follow from (4.3), (4.4), (4.5)
and the first decomposition in (4.16). 
To describe the algebra gH we consider now in more detail the subgroup
H ⊂ K. By its definition, H = K ∩ Ga. By [20, Ch. VII, Corollary 2.8], the
centralizer Ga of the commutative subalgebra a is connected (it is the union
of all maximal tori containing the torus exp a ⊂ G). Since ga = a ⊕ h is the
Lie algebra of the compact Lie group Ga, we have that Ga = exp(a ⊕ h). But
exp(a ⊕ h) = exp(a) exp(h) because [a, h] = 0. The set H0 = exp h is the
identity component of the Lie group H and H0 ⊂ K because h ⊂ k. Therefore
H = Ga ∩K = (exp(a) ∩K)H0.
Proposition 4.4. The subalgebra gH ⊂ gh ⊂ g is determined by the relation
(4.19) gH = {u ∈ gh : Ad(Da)u = u},
where Da stands for the commutative finite group
(4.20) Da = exp(a) ∩K = exp
({v ∈ a : exp v = exp(−v)}).
The algebra gH ⊂ gh is a σ-invariant regular compact subalgebra of g. In
particular,
gH = mH ⊕ kH , where mH = gH ∩m, kH = gH ∩ k,
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and (gH , kH) is a symmetric pair. The space a is a Cartan subspace of mH ⊂ gH
and the space a⊕z(h) is a Cartan subalgebra of gH . For each λ ∈ Σ+ and g ∈ Da
we have that Adg(mλ ⊕ kλ) = mλ ⊕ kλ. The set
ΣH = {λ ∈ Σh : Adg |mλ⊕kλ = Idmλ⊕kλ for all g ∈ Da}
is the set of restricted roots of the triple (gH , kH , a). Each element λ ∈ ΣH ⊂
Σh ⊂ Σ has multiplicity 1, that is, dimmλ = dim kλ = 1.
The following decompositions are direct and orthogonal:
mH = a⊕
∑
λ∈ΣH∩Σ+
mλ, kH = z(h)⊕
∑
λ∈ΣH∩Σ+
kλ.
Proof. Since [h, gh] = 0, the connected Lie group Ad(H0) with Lie algebra ad(h)
acts trivially on gh. Taking into account that H = DaH0 we obtain (4.19).
Since K is a subgroup of the group of fixed points of certain involutive automor-
phism on G acting by exp v 7→ exp(−v) on exp(a), we obtain the second relation
in (4.20). The group Da is a commutative finite group because exp(a) ⊂ G is
a toral subgroup, K is compact, and the intersection exp(a) ∩ K is a group of
dimension 0 (a ∩ k = 0).
The algebra gH is σ-invariant because by Definition (4.11), σAd(H)σ =
Ad(H). Since: Da = {exp v1, . . . , exp vs}, where vj ∈ a, j = 1, . . . , s; [a, a ⊕
z(h)] = 0; and Adexp vj = exp(advj ), then from relations (4.6) we obtain that
Adexp vj v = v for all v ∈ a⊕ z(h) and
Adexp vj ξλ = cos(λ
′(vj))ξλ− sin(λ′(vj))ζλ,
Adexp vj ζλ = cos(λ
′(vj))ζλ+sin(λ
′(vj))ξλ
for arbitrary ξλ ∈ mλ and ζλ ∈ kλ, λ ∈ Σ+ satisfying condition (4.6). But
exp vj = exp(−vj) and, consequently, sin(λ′(vj)) = 0. Then cos(λ′(vj)) ∈
{1,−1}. Now it is clear that gH = a⊕ z(h)⊕
∑
λ∈ΣH∩Σ+
(mλ ⊕ kλ), where
ΣH ∩ Σ+ = {λ ∈ Σh ∩ Σ+ : cos(λ′(vj)) = 1 for all j = 1, . . . , s}.
The last assertion of the proposition follows from Proposition 4.3. 
Remark 4.5. Put m+H =
∑
λ∈ΣH∩Σ+
mλ and k
+
H =
∑
λ∈ΣH∩Σ+
kλ. Consider
the orthogonal decompositions: m+ = m+H ⊕ m+∗ and k+ = k+H ⊕ k+∗ , where
m+∗ =
∑
λ∈Σ+\ΣH
mλ and k
+
∗ =
∑
λ∈Σ+\ΣH
kλ. Since the following decompositions
are orthogonal
gH = a⊕m+H⊕k+H⊕z(h), g = a⊕m+H⊕k+H⊕m+∗ ⊕k+∗ ⊕h = gH⊕(m+∗ ⊕k+∗ )⊕[h, h]
and [gH , h] = 0, one sees that gH ⊕ [h, h] is a subalgebra of g. Then
[gH ⊕ [h, h], m+∗ ⊕ k+∗ ] ⊂ m+∗ ⊕ k+∗ and [a⊕ h, m+H ⊕ k+H ] ⊂ m+H ⊕ k+H .
Moreover, because by its definition, T (mλ) = kλ, T (kλ) = mλ, for all restricted
roots λ ∈ Σ+, we have that
T (m+H) = k
+
H , T (k
+
H) = m
+
H and T (m
+
∗ ) = k
+
∗ , T (k
+
∗ ) = m
+
∗ .
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Example 4.6. Let G/K = SU(n)/SO(n), n > 2. Let g = su(n) and k = so(n)
be the Lie algebras of G and K, i.e. the spaces of traceless skew-Hermitian
complex and skew-symmetric real n × n matrices, respectively. It is clear that
the space a = {diag(it1, . . . , itn), tj ∈ R,
∑n
j=1 tj = 0}, is a Cartan subspace of
the space m ⊂ g. Since a is a Cartan subalgebra of the algebra g, the centralizer
h
def
= ga∩k = a∩k = 0, that is, the Lie algebra of the groupH, is trivial and gh = g.
Then by Proposition 4.4, H = Da and Da
def
= exp(a) ∩K = {diag(ε1, . . . , εn)},
where εj = ±1 and
∏n
j=1 εj = 1. It is easy then, on account of (4.19), to verify
that gH = a if n > 3 (in this case for any k, j 6 n, k 6= j there exists an element
g ∈ Da for which εkεj = −1) and gH = g = su(2) if n = 2. In the latter case
the group H coincides with the center of the Lie group SU(2), i.e. the action of
Ad(H) on g is trivial.
Fix in each subspace mλ, λ ∈ Σ+, some basis {ξjλ, j = 1, . . . ,mλ}, orthonormal
with respect to the form 〈·, ·〉. In the case that λ ∈ Σh ∩ Σ+, mλ = 1, we have
a unique vector ξ1λ. By Lemma 4.2, for each λ ∈ Σ+ there exists a unique basis
{ζjλ, j = 1, . . . ,mλ} of kλ such that for each pair {ξjλ, ζjλ, j = 1, . . . ,mλ}, the
condition (4.6) holds. The basis {ζjλ, j = 1, . . . ,mλ}, λ ∈ Σ+, of kλ, is also
orthonormal due to the orthogonality of the operator T (see Lemma 4.2). Fix
also some orthonormal basis {X1, . . . ,Xr} of the Cartan subspace a and some
orthonormal basis {ζk0 , k = 1, . . . ,dim h} of the centralizer h of a in k. We will
use the orthonormal basis
(4.21) X1, . . . ,Xr; ξ
j
λ, ζ
j
λ, j = 1, . . . ,mλ, λ ∈ Σ+; ζk0 , k = 1, . . . ,dim h,
of the algebra g in our calculations below.
4.2. The canonical complex structure on G/H ×W+. Each element w ∈
W+ is regular in m. Therefore if for some k ∈ K, Adk w ∈W+, then Adk(a) = a
because 0 = [w, a] = [Adk w,Adk a]. Since the Weyl group of the symmetric pair
(g, k) is simply transitive on the set of Weyl chambers in a (see [20, Ch. VII,
Theorem 2.12]), Ad(K)w ∩W+ = {w}. Then by definition (4.11) of the group
H, the map
K/H ×W+ → mR, (kH,w) 7→ Adk w,
is a well-defined diffeomorphism. Thus the map
f+ : G/H ×W+ → G×K mR, (gH,w) 7→ [(g,w)]K ,
is a well-defined G-equivariant diffeomorphism of G/H ×W+ onto the subset
D+ = G×K mR, which is an open dense subset of G×K m.
It is clear that the following diagram is commutative
(4.22)
G×W+ id−→ G×mR
↓piH×id pi ↓
G/H ×W+ f
+
−→ G×K mR
(g,w)
id7−→ (g,w)
↓piH×id pi ↓
(gH,w)
f+7−→ [(g,w)]K
,
where πH : G→ G/H is the canonical projection.
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The submersion (projection) π : G × m → G ×K m is (left) G-equivariant.
Therefore, the kernel K ⊂ T (G × m) of the tangent map π∗ : T (G × m) →
T (G ×K m) is generated by the global (left) G-invariant vector fields ζL, for
ζ ∈ k, on G×m,
(4.23) ζL(g,w) = (ζ l(g), [w, ζ]) ∈ TgG× Twm,
where the tangent space Twm is identified canonically with the space m.
Note also here that the tangent space To(G/H) at o = {H} ∈ G/H can be
identified naturally with the space m⊕ k+ = a⊕m+ ⊕ k+, because by definition
k = h⊕ k+ and h is the Lie algebra of the group H.
We can rewrite the expression for the vector field Y ξ, ξ ∈ m, in (3.15) on the
product G × m in a simpler way using Lemma 4.2 and the basis (4.21) of the
algebra g. Indeed, for w ∈W+ ⊂ a, by (3.15) we have
Y Xj (g,w) = (X lj(g), −iXj), j = 1, . . . , r,(4.24)
Y ξ
j
λ(g,w) =
((
1
coshλ′w
· ξjλ − i cosh λ
′
w−1
sinhλ′w
· ζjλ
)l
(g), −i λ′w cosh λ′wsinhλ′w · ξ
j
λ
)
,(4.25)
where j = 1, . . . ,mλ, λ ∈ Σ+, and λ′w def= λ′(w) ∈ R.
By Lemma 4.2, for any (regular) element w ∈ W+ ⊂ a ⊂ m, the map
adw : k
+ → m, ζ 7→ [w, ζ], is nondegenerate and thus a⊕adw(k+) = m. Therefore
T(e,0)(G×m) = g×m = (m×m)⊕K (e, 0) = ((m ⊕ k+)× a)⊕K (e, 0),
where, as we remarked above, m ⊕ k+ is identified naturally with the tangent
space of G/H at the point {H}.
Using Lemma 4.2 again (note that in (4.25), cothλ′w · ζjλ ∈ k and the sec-
ond component is coth λ′w · [w, ζjλ]) and from the expression (4.23) of the kernel
K (g,w) of Π∗(g,w), we have for all w ∈W+ that
(4.26) Π∗(g,w)(Y
ξj
λ(g,w)) = Π∗(g,w)
((
1
coshλ′w
· ξjλ − i −1sinhλ′w · ζ
j
λ
)l
(g), 0
)
.
To describe the G-invariant Ricci-flat Ka¨hler metrics on T (G/K) associated
to the canonical complex structure JKc , we first attempt to describe such metrics
on the G-invariant open and dense subset
T+(G/K)
def
= (φ ◦ f+)(G/H ×W+) ⊂ T (G/K),
isomorphic to the direct product G/H ×W+ ⊂ G/H × Rr, where the action
of the group G is natural on the first component and trivial on the second
component (see the commutative diagram (4.22)). Since this diffeomorphism is
G-equivariant, we denote the corresponding complex structure on G/H ×W+
also by JKc . Consider the coordinates (x1, . . . , xr) on W
+ associated with the
basis (X1, . . . ,Xr) of a, that is, w = x = x1X1+ · · ·+xrXr. By the G-invariance
it suffices to describe the operators JKc only at the points (o, x) ∈ G/H ×W+,
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where o = {H}. Then from (4.24), (4.26) and the commutative diagram (4.22)
we see that
JKc (o, x)(Xj , 0) =
(
0,
∂
∂xj
)
, j = 1, . . . , r,
JKc (o, x)(ξ
j
λ, 0) =
(− coshλ′x
sinhλ′x
· ζjλ, 0
)
, j = 1, . . . ,mλ, λ ∈ Σ+,
(4.27)
where, recall, λ′x = λ
′(x) ∈ R. Here To(G/H) is identified naturally with the
space a⊕∑λ∈Σ+ mλ⊕∑λ∈Σ+ kλ and, in the first equation, we use naturally the
usual basis {∂/∂xj} of TxRr (W+ is an open subset of Rr).
Often we will use the second relation in (4.27) in the more general form:
JKc (o, x)(ξ, 0) =
(− cos adx
sin adx
ξ, 0
)
, where ξ ∈ m+.
Let F = F (JKc ) be the subbundle of (1, 0)-vectors of the structure J
K
c on the
manifold G/H ×W+. We can substantially simplify calculations by working on
the manifold G×W+ with the subbundle F = (πH×id)−1∗ (F ) rather than on the
manifold G/H ×W+ with F (see Subsection 2.1). From (4.27) (see also (4.24)
and (4.26)) it follows that the subbundle F of TC(G×W+) is generated by the
kernel H of the submersion πH × id,
(4.28) H (g, x) = {(ζ l(g), 0), ζ ∈ h}, g ∈ G, x ∈W+,
and the left G-invariant vector fields
ZXj(g, x) =
(
X lj(g),−i
∂
∂xj
)
, j = 1, . . . , r,
Zξ
j
λ(g, x) =
((
1
coshλ′x
· ξjλ − i
−1
sinhλ′x
· ζjλ
)l
(g), 0
)
,
(4.29)
where j = 1, . . . ,mλ, λ ∈ Σ+, and λ′x def= λ′(x) ∈ R.
To simplify calculations in the forthcoming subsection, we will use for the
vector fields of the second family the following more general expression,
(4.30) Zξ(g, x) =
(
(Rxξ − iSxξ)l (g), 0
)
, ξ ∈ m+,
in terms of the two operator-functions R : W+ → End(g) and S : W+ → End(g)
on the set W+ such that
Rxη =
1
cos adx
η if η ∈ m+ ⊕ k+, Rxη = 0 if η ∈ a⊕ h,
Sxη =
−1
sin adx
η if η ∈ m+ ⊕ k+, Sxη = 0 if η ∈ a⊕ h,
(4.31)
where, recall, x =
∑r
j=1 xjXj ∈W+. Remark also that 1cos adx η = η if η ∈ a⊕ h
but Rxη = 0 in this case. Since the operator adx is skew-symmetric with respect
to the scalar product on g, each operator Rx is symmetric and Sx is skew-
symmetric:
(4.32) 〈Rxη1, η2〉 = 〈η1, Rxη2〉, 〈Sxη1, η2〉 = 〈η1,−Sxη2〉, x ∈W+, η1, η2 ∈ g.
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Moreover, it is clear that for all x ∈W+, the restrictions Rx|m+⊕k+ and Sx|m+⊕k+
are nondegenerate and by Remark 4.5 the following relations hold:
(4.33) Rx(m
+
s ) = m
+
s , Rx(k
+
s ) = k
+
s , Sx(m
+
s ) = k
+
s , Sx(k
+
s ) = m
+
s , s ∈ {H, ∗}.
It is clear also that
(4.34) Rx|mλ⊕kλ =
1
coshλ′x
Idmλ⊕kλ, Sx|mλ⊕kλ =
1
sinhλ′x
Idmλ⊕kλ · T |mλ⊕kλ
for all λ ∈ Σ+, and [Rx, T ] = [Sx, T ] = 0 on m+ ⊕ k+ for all x ∈ W+, where,
recall that the operator T is defined by expression (4.7).
Proposition 4.7. Assume that the group G is semisimple. Let fh : G/H ×
W+ → C be a G-invariant JKc -harmonic function, that is, ∂∂¯fh = 0. Then
fh = const.
Proof. It is clear that
(πH × id)∗(∂∂¯fh) = (πH × id)∗(d∂¯fh) = d((πH × id)∗∂¯fh) = 0.
Let us calculate the 1-form αh = (πH × id)∗∂¯fh on G×W+. By its definition,
αh|F = 0 and αh|F = d
(
(πH × id)∗fh)
)|
F
.
Since the function fh is G-invariant, fh is determined uniquely by some smooth
function f : W+ → C, (x1, . . . , xr) 7→ f(x1, . . . , xr). Taking into account the
description of the vector fields ZXj , Zξ
j
λ generating the subbundle F of T (G ×
W+) (see (4.29)), we obtain that αh =
1
2
∑r
j=1
∂f
∂xj
(
i θXj + dxj
)
, where θXj is
the left G-invariant 1-form on G (considered as a form on G ×W+) such that
θXj(e)(ξ) = 〈Xj , ξ〉, ξ ∈ g. But
2dαh = i
r∑
j=1
d
( ∂f
∂xj
)
∧ θXj + i
r∑
j=1
∂f
∂xj
dθXj = 0.
It is clear that the first and second summands above vanish (they are independent
as differential two-forms on G ×W+). Since the left-invariant forms {θXj}rj=1
are independent on G, we obtain that ∂f∂xj = cj , cj ∈ C. Taking into account
that
∑r
j=1 cjdθ
Xj |e(ξ, η) = −〈
∑r
j=1 cjXj , [ξ, η]〉 and the algebra g is semisimple
([g, g] = g), we obtain that cj = 0 for all j = 1, . . . , r. 
4.3. Invariant Ricci-flat Ka¨hler metrics on G/H × W+. Let K(G/H ×
W+) = {(g, ω, JKc )} (resp. R(G/H ×W+) = {(g, ω, JKc )}) be the set of all G-
invariant Ka¨hler (resp. Ricci-flat Ka¨hler) structures on G/H×W+, identified also
with the set K(T+(G/K)) (resp. R(T+(G/K))) of all G-invariant Ka¨hler (resp.
Ricci-flat Ka¨hler) structures on the open dense subset T+(G/K) of T (G/K),
associated with JKc , via the G-equivariant diffeomorphism φ◦f+ : G/H×W+ →
T+(G/K). Put
{T1, . . . , Tn} = {ZX1 , . . . , ZXr} ∪ {Zξ
j
λ , λ ∈ Σ+, j = 1, . . . ,mλ}.
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Theorem 4.8. Let K(G ×W+) = {ω˜} be the set of all 2-forms ω˜ on G ×W+
such that
(1) the form ω˜ is closed;
(2) the form ω˜ is left G-invariant and right H-invariant;
(3) the kernel of ω˜ coincides with the subbundle H ⊂ T (G×W+) in (4.28);
(4) ω˜(Tj , Tk) = 0, j, k = 1, . . . , n;
(5) i ω˜(T, T ) > 0 for each T =
∑n
j=1 cjTj, where (c1, . . . , cn) ∈ Cn \ {0}.
Let R(G ×W+) = {ω˜} be the subset of the set K(G ×W+) = {ω˜} such that
for its elements ω˜ (in addition) the following condition holds:
(6) det
(
ω˜(Tj , Tk)
)
= const on G×W+.
Then (i) For any 2-form ω˜ ∈ K(G × W+) there exists a unique 2-form ω on
G/H × W+ ∼= T+(G/K) such that (πH × id)∗ω = ω˜. The map ω˜ 7→ ω is a
one-to-one map from K(G ×W+) onto K(G/H ×W+) ∼= K(T+(G/K)).
(ii) If the group G is semisimple then the restriction of this map to R(G×W+)
is a one-to-one map from R(G×W+) onto R(G/H ×W+) ∼= R(T+(G/K)).
Proof. From (1)−(3), ω becomes into a G-invariant symplectic structure on
G/H ×W+. Then item (i) of the theorem follows from Lemma 2.1, using (4)
and (5) and taking F = (πH × id)−1∗ (F ), where F = F (JKc ) is the subbundle
of (1, 0)-vectors of the structure JKc on the manifold G/H ×W+. To prove as-
sertion (ii) of the theorem, let ω ∈ K(G/H ×W+) and ω˜ = (πH × id)∗ω. By
Proposition 3.6, the form ω = ((φ ◦ f+)−1)∗ω ∈ R(T+(G/K)) if and only if the
G-invariant function lnS (S = S(ω), see (3.20)) on T+(G/K) ∼= G/H×W+ is a
JKc -harmonic function. In this case, by Proposition 4.7, S = const. Now to com-
plete the proof of the theorem it is sufficient to remark that, by (3.19), Π∗S =
det
(
(Π∗ω)
(
Y ξj , Y ξk
))
; by the commutative diagram (4.22), (Π∗ω)|G×W+ = ω˜;
and by the definition of the vector fields Zξ, ξ ∈ m, the difference Zξ−Y ξ belongs
to the kernel of the tangent map Π∗:
const = det
(
(Π∗ω)
(
Y ξj , Y ξk
)|G×W+) = det((Π∗ω)(Zξj , Zξk)|G×W+)
= det
(
ω˜
(
Zξj , Zξk
))
. 
Remark 4.9. Note that condition (5) of the previous theorem is equivalent to
the following condition: the Hermitian matrix-function w on W+ with entries
wjk(x) = iω˜(Tj , Tk)(e, x), j, k = 1, . . . , n, is positive-definite.
Corollary 4.10. Let ω ∈ K(G/H × W+) and ω˜ = (πH × id)∗ω. Then the
form ω = ((φ ◦ f+)−1)∗ω ∈ K(T+(G/K)). Suppose that there exists a smooth
form (extension) ω0 on the whole tangent bundle T (G/K) such that ω0 = ω
on T+(G/K). Then the form ω0 determines a G-invariant Ka¨hler structure on
T (G/K) (associated to the canonical complex structure JKc ) if and only if for
each limit point x ∈ W+ \ W+ ⊂ a and some sequence xm ∈ W+, m ∈ N,
such that limm→∞ xm = x, the Hermitian matrix w(x) with entries wjk(x) =
limm→∞wjk(xm) = limm→∞ iω˜(Tj , Tk)(e, xm), j, k = 1, . . . , n, is positive-definite.
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Proof. The form ω˜ on G×W+ is left G-invariant, right H-invariant and ker ω˜ =
H . By the commutative diagram (4.22) there exists a unique 2-form ω˜ on the
space G × mR which is left G-invariant, right K-invariant, ker ω˜ = K |G×mR ,
ω˜|G×W+ = ω˜ and Π∗ω = ω˜. Here, recall, K ⊂ T (G × m) is the kernel of
the tangent map π∗ : T (G × m) → T (G ×K m). By Lemma 2.1, Item (5), the
form (extension) ω0 determines a G-invariant Ka¨hler structure on T (G/K) if
and only if the Hermitian matrix v(x) for each x ∈ m \mR with entries vjk(x) =
i(Π∗ω0)
(
Y ξj , Y ξk
)
(e, x) is positive-definite. Remark that Ad(K)(W+) = m and
Ad(K)(W+) = mR. Since the form Π∗ω0 on G×m is smooth,
vjk(x) = lim
m→∞
vjk(xm) = lim
m→∞
i(Π∗ω0)
(
Y ξj , Y ξk
)
(e, xm).
But as we remark above, at each point (e, xm) ∈ G×W+
(Π∗ω0)(e, xm) = (Π
∗ω)(e, xm) = ω˜(e, xm) = ω˜(e, xm)
restricted to the subspace T(e,xm)(G×W+) ⊂ T(e,xm)(G×m). Taking into account
again (as in the proof of Theorem 4.8) that the difference (Zξ−Y ξ)(e, xm), ξ ∈ m,
belongs to the kernel of the tangent map Π∗(e, xm) we obtain that vjk(x) =
limm→∞ iω˜
(
Zξj , Zξk
)
(e, xm). Now all the other required properties of the form
ω0 follow by continuity. 
5. Description of the space R(G×W+)
For any vector a ∈ g, denote by θa the left G-invariant 1-form on the group G
such that θa(ξl) = 〈a, ξ〉. Since r∗gθa = θAdg a, where g ∈ G, the form θa is right
H-invariant if and only if Adh a = a for all h ∈ H ⊂ G. Because
(5.1) dθa(ξl, ηl) = −θa([ξl, ηl]) = −〈a, [ξ, η]〉,
the G-invariant form ωa on G,
(5.2) ωa(ξl, ηl)
def
= 〈a, [ξ, η]〉, ξ, η ∈ g,
is a closed 2-form on G.
Let pr1 : G×W+ → G and pr2 : G ×W+ → W+ be the natural projections.
Choosing some orthonormal basis {e1, . . . , eN} of the Lie algebra g, where ej =
Xj, j = 1, . . . , r, put θ˜
ek def= pr∗1(θ
ek) and ω˜ek
def
= pr∗1(ω
ek). For any vector-
function a : W+ → g, a(x) = ∑Nk=1 ak(x)ek, denote by θ˜a (resp. ω˜a) the G-
invariant 1-form
∑N
k=1 a
k · θ˜ek (resp. 2-form ∑Nk=1 ak · ω˜ek). Then we have
Theorem 5.1. Let ω˜ be a 2-form belonging to K(G ×W+), where the compact
Lie group G is semisimple. Then there exists a unique (up to a real constant)
smooth function f : W+ → R, x 7→ f(x), and a unique smooth vector-function
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a : W+ → gH given by
a(x) =
r∑
j=1
∂f
∂xj
(x)Xj + zh + a
k(x) + am(x), where zh ∈ z(h),
ak(x) =
∑
λ∈ΣH∩Σ+
ck
λ
cosh λ′(x)ζ
1
λ ∈ k+H , am(x) =
∑
λ∈ΣH∩Σ+
cm
λ
sinhλ′(x)ξ
1
λ ∈ m+H ,
(5.3)
cmλ , c
k
λ ∈ R, such that ω˜ is the exact form expressed in terms of a as
(5.4) ω˜ = dθ˜a =
r∑
j=1
dxj ∧ θ˜a[j] − ω˜a, where a[j] =
∂a
∂xj
.
Moreover, for all points x ∈W+, the following conditions (1)−(3) hold:
(1) the components ak(x)+zh and a
m(x) of the vector-function a(x) in (5.3)
satisfy the following commutation relations(
Rx · adak(x) ·Rx + Sx · adak(x) ·Sx + (R2x + S2x) adzh
)
(m+) = 0,(
Rx · adam(x) ·Sx − Sx · adam(x) ·Rx
)
(m+) = 0;
(5.5)
zh = 0 if a
k(x) ≡ 0 and G/K is an irreducible Riemannian symmetric
space;
(2) the Hermitian p×p-matrix-function wH(x) =
(
wk|j(x)
)
, p = dimmH =
dim a+card(ΣH ∩Σ+), with indices k, j ∈ {1, . . . , r}∪{1λ, λ ∈ ΣH ∩Σ+}
and entries
wk|j(x) = 2
∂2f
∂xk∂xj
(x), k, j ∈ {1, . . . , r},
wk|1
λ
(x) = 2λ′(Xk)
(
i
ckλ
cosh2 λ′x
− c
m
λ
sinh2 λ′x
)
, k ∈ {1, . . . , r}, λ ∈ ΣH ∩ Σ+,
w1
λ
|1µ
(x), λ, µ ∈ ΣH ∩ Σ+, determined by (5.6),
is positive-definite;
(3) if m+∗ 6= 0 then the Hermitian s × s-matrix w∗(x) =
(
wj
λ
|kµ
(x)
)
,
s = dimm+∗ = Σλ∈Σ+\ΣH ,mλ, with indices
j
λ,
k
µ ∈ {jλ, λ ∈ Σ+ \ ΣH , j =
1, . . . ,mλ} and entries
wj
λ
|kµ
(x) = − 2i
sinhλ′x sinhµ
′
x
〈(adak(x)+zh)ζjλ, ζkµ〉(5.6)
− 2
cosh λ′x sinhµ
′
x
〈(adaa(x)+am(x))ξjλ, ζkµ〉
is positive-definite.
If in addition
(4) either detwH(x) · detw∗(x) = const when m+∗ 6= 0 or detwH(x) ≡
const otherwise,
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then ω˜ ∈ R(G×W+).
Conversely, any 2-form as in (5.4) determined by a vector-function a : W+ →
gH as in (5.3) for which conditions (1)−(3) hold, belongs to K(G ×W+) and if
in addition (4) holds, it belongs to R(G×W+).
Proof. The following lemma is crucial for our proof.
Lemma 5.2. Suppose that the Lie group G is semisimple. Let ω0 be a G-
invariant closed 2-form on G. Then there exists a unique vector a ∈ g such
that ω0 = ω
a. The form ωa, a ∈ g, on G is right H-invariant if and only if
Ad(H)(a) = a. The kernel of such a right H-invariant form ωa contains the
vector fields ξl, for all ξ ∈ h.
The map a 7→ ωa, a ∈ g, is an injection.
Proof. (Of the lemma.) Since the G-invariant form ω0 is closed, we have
0 = dω0(ξ
l
1, ξ
l
2, ξ
l
3) = −ω0([ξl1, ξl2], ξl3)− ω0([ξl2, ξl3], ξl1)− ω0([ξl3, ξl1], ξl2),
i.e. the map c : g× g→ R, c(ξ, η) = ω0(ξl, ηl)(e), is a cocycle on the Lie algebra
g. The cocycle c determines the central extension of g (i.e. the linear space
g⊕ R, which equipped with the commutator [(ξ, 0), (η, 0)] = ([ξ, η], c(ξ, η)) and
[(ξ, 0), (0, z)] = 0 is a Lie algebra).
Since any central extension of a semisimple Lie algebra g is trivial, this cocycle
is exact. Indeed, by the Malcev theorem for the radical R there exists some
complement which is an algebra, evidently isomorphic to g. This complement
has the basis (ξ, α(ξ)), where α is a linear function on g. Since this complement
is a subalgebra, c(ξ, η) = α([ξ, η]). In other words, c(ξ, η) = 〈a, [ξ, η]〉 for some
vector a ∈ g. But [g, g] = g (the algebra is semisimple) and, consequently, such
a vector a is unique. Now by the G-invariance, ω0 = ω
a.
It is easy to see (using Definition 5.2) that r∗hω
a = ωAdh a for any h ∈ H ⊂ G.
Using the relation [g, g] = g again we obtain that the map a 7→ ωa, a ∈ g,
is an injection. Therefore ωa is a right H-invariant form on G if and only if
Ad(H)(a) = a.
By the invariance of the form 〈·, ·〉 on g, that is,
(5.7) 〈a, [ξ, η]〉 = 〈[a, ξ], η〉,
the kernel of ωa is generated by the vector fields ξl, where ξ is an element of the
centralizer ga of a in g. But if Ad(H)(a) = a then [h, a] = 0, that is, h ⊂ ga. 
An arbitrary G-invariant 2-form ω˜ on G×W+ reads
ω˜ = pr∗2(q) +
N∑
k=1
r∑
j=1
bkj · dxj ∧ θ˜ek +
∑
16s<k6N
bsk · θ˜es ∧ θ˜ek ,
where q is a 2-form on W+, and bkj , b
sk are smooth real-valued functions on W+.
Suppose that ω˜ ∈ K(G×W+), that is, the form ω˜ satisfies conditions (1)-(5)
of Theorem 4.8. It is easy to verify that if the form ω˜ is closed then the form
q is closed and each form ∆˜(x) =
∑
16s<k6N b
sk(x) · θ˜es ∧ θ˜ek for arbitrary but
fixed x ∈ W+ also is closed as a form on G. Then by Lemma 5.2 there exists a
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unique (smooth) vector-function b : W+ → g, b(x) = ∑Nk=1 bk(x)ek, such that
∆(x) = ω˜b(x), that is,
ω˜ = pr∗2(q) +
N∑
k=1
r∑
j=1
bkj · dxj ∧ θ˜ek +
N∑
k=1
bk · ω˜ek , dq = 0.
The form ω˜ is closed if and only if
dω˜ =
N∑
k=1
r∑
j=1
(
dbkj ∧ dxj ∧ θ˜ek + bkj · dxj ∧ ω˜ek
)
+
N∑
k=1
dbk ∧ ω˜ek
=
N∑
k=1
(( r∑
j=1
bkj · dxj + dbk
)
∧ ω˜ek +
( r∑
j=1
dbkj ∧ dxj
)
∧ θ˜ek
)
= 0,
because d(dxj ∧ θ˜ek) = −dxj ∧ dθ˜ek and by (5.1), (5.2) we have dθek = −ωek .
Since the (closed) 2-forms {ωek} and 1-forms {θek} are linearly independent forms
on G (see Lemma 5.2), we see that
∑r
j=1 b
k
jdxj+db
k = 0 and
∑r
j=1 db
k
j ∧dxj = 0
for all k = 1, . . . , N . However the second relation is the differential of the first
one, i.e. these two sets of relations are equivalent to the relations
bkj (x) = −
∂bk
∂xj
(x), j = 1, . . . , r, k = 1, . . . , N ; x ∈W+.
Then
ω˜ = pr∗2(q) +
N∑
k=1
r∑
j=1
−∂b
k
∂xj
· dxj ∧ θ˜ek +
N∑
k=1
bkω˜ek = pr∗2(q) + d
(
−
N∑
k=1
bk · θ˜ek
)
.
Since ω˜ ∈ K(G×W+), ω˜(ZXs , ZXp) = 0, where, recall, ZXj = (X lj , −i ∂/∂xj)
and (X1, . . . ,Xr) is the given basis of a. Now, the subalgebra a ⊂ g is com-
mutative. Thus the restriction ωb(x)(e)|a vanishes (see (5.2)) and, consequently,(∑N
k=1 b
k · ω˜ek)(ZXs , ZXp) = 0. Taking into account that pr∗2(q)(ZXs , ZXp) ∈ R
and (dxj ∧ θ˜ek)(ZXs , ZXp) ∈ iR, we obtain that
pr∗2(q)(Z
Xs , ZXp) = −q
( ∂
∂xs
,
∂
∂xp
)
= 0,(
N∑
k=1
r∑
j=1
−∂b
k
∂xj
· dxj ∧ θ˜ek
)
(ZXs , ZXp) = 0.
Therefore, the form q vanishes on W+ and
∂bp
∂xs
(x) =
∂bs
∂xp
(x) for all x ∈ W+,
s, p ∈ {1, . . . , r}. Since the domain W+ ⊂ Rr is convex, there exists a unique
(up to a real constant) smooth function f : W+ → R such that
bk(x) = − ∂f
∂xk
(x), k = 1, . . . , r, x ∈W+.
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In other words, a G-invariant 2-form ω˜ on G×W+ is closed and ω˜(ZXs , ZXp) = 0,
s, p ∈ {1, . . . , r}, if and only if
ω˜ = dθ˜a, a(x) =
r∑
k=1
∂f
∂xk
(x)Xk + a
⊥(x),
where a⊥ : W+ → m+ ⊕ k is a smooth vector-function. It is clear that
(5.8) ω˜ =
r∑
j=1
dxj ∧ θ˜a[j] − ω˜a, where a[j] =
∂a
∂xj
=
r∑
k=1
∂2f
∂xj∂xk
Xk +
∂a⊥
∂xj
.
This form is right H-invariant if ω˜ = r∗hω˜ =
∑r
j=1 dxj ∧ θ˜Adh a[j] − ω˜Adh a for all
h ∈ H. Since the maps a 7→ θa and a 7→ ωa, a ∈ g, are injections (cf. Lemma 5.2)
we obtain that a[1](x), . . . ,a[r](x),a(x) ∈ gH (see Definitions (4.13) and (4.14)).
In this case by Lemma 5.2 the kernel of the form ω˜a contains the subbundle
H ⊂ TG × TW+. It is easy now to verify that the kernel of ω˜ contains H if
and only if 〈a[j](x), h〉 = 0 for all x ∈W+ and j = 1, . . . , r. Thus a[j](x)⊥z(h) for
all x ∈ W+ because gH ∩ h = z(h). This means that the z(h)-component of the
vector a(x) is a constant. Taking into account Proposition 4.4 and Remark 4.5
we obtain that a(x) = aa(x) + zh + a
k(x) + am(x), where
aa(x) =
r∑
j=1
∂f
∂xj
(x)Xj , zh ∈ z(h),
ak(x) =
∑
λ∈ΣH∩Σ+
akλ(x)ζ
1
λ ∈ k+H , am(x) =
∑
λ∈ΣH∩Σ+
amλ (x)ξ
1
λ ∈ m+H .
(5.9)
It is convenient now, using (5.8), to calculate iω˜(ZXk , ZXj ) = iω˜(ZXk , ZXj −
ZXj):
iω˜(ZXk , ZXj ) = iω˜
((
X lk,−i
∂
∂xk
)
,
(
0, 2i
∂
∂xj
))
= −i〈a[j],Xk〉2i = 2
∂2f
∂xk∂xj
.
Using (4.30) for the vector field Zξ, ξ ∈ m+ we obtain, for all (g, x) ∈ G×W+,
ω˜(g,x)(Z
Xk ,Zξ) = −i〈a[k](x), Rxξ − iSxξ〉 − 〈a(x), [Xk, Rxξ − iSxξ]〉
= −i〈(Rx + iSx)a[k](x), ξ〉+ 〈(Rx + iSx) adXk a(x), ξ〉
= −i〈Rxa[k](x)− Sx adXk a(x), ξ〉+ 〈Sxa[k](x) +Rx adXk a(x), ξ〉.
Thus ω˜(ZXk , Zξ) = 0 for all k = 1, . . . , r, and ξ ∈ m+ if and only if
(5.10) Rxa
m
[k](x)− Sx adXk am(x) = 0 and Sxak[k](x) +Rx adXk ak(x) = 0
for all x ∈ W+, because [a, a ⊕ z(h)] = 0 and (4.33) hold. In other words, we
obtain the following differential relations:
∂amλ (x)
∂xk
= −λ
′(Xk) · cosh λ′x
sinhλ′x
amλ (x) and
∂akλ(x)
∂xk
= −λ
′(Xk) · sinhλ′x
coshλ′x
akλ(x),
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with solutions
amλ (x) =
cmλ
sinhλ′x
, akλ(x) =
ckλ
coshλ′x
, cmλ , c
k
λ ∈ R, λ ∈ ΣH ∩ Σ+.
In this place it is convenient to calculate also iω˜(ZXk , Zξ)(g, x), ξ ∈ m+:
iω˜(g,x)(Z
Xk , Zξ − Zξ) (5.8)= i(−i〈a[k](x), 2iSxξ〉 − 〈a(x), [Xk, 2iSxξ]〉)
(5.9)
= 2i
〈−Sxak[k](x), ξ〉+ 2〈am(x), [Xk, Sxξ]〉
(5.10)
= 2i〈Rx adXk ak(x), ξ〉+ 2〈am(x), (adXk Sx)ξ〉
(4.32)
= − 2i〈ak(x), (adXk Rx)ξ〉+ 2〈am(x), (adXk Sx)ξ〉.
Thus, iω˜(ZXk , Zξ) = 0 if ξ ∈ m+∗ and for vectors ξ1λ ∈ m+H , λ ∈ ΣH ∩Σ+:
iω˜(g,x)(Z
Xk , Zξ
1
λ)
(4.34),(4.6)
= 2i
λ′(Xk)
cosh λ′x
〈
ak(x), ζ1λ
〉−2λ′(Xk)
sinhλ′x
〈
am(x), ξ1λ
〉
.
Using the invariance (5.7) of the scalar product, the properties (4.32), (4.33)
of the operator-functions R, S and the commutation relations (4.1), we calcu-
late ω˜(Zξ, Zη) = −ω˜a(x)(Zξ, Zη), ξ, η ∈ m+, putting A(x) = ada(x), Am(x) =
adaa(x)+am(x), A
k(x) = adak(x)+zh :
ω˜(Zξ, Zη) = −〈a, [Rξ − iSξ, Rη − iSη]〉
= −〈a, [Rξ, Rη]− [Sξ, Sη]〉+ i〈a, [Rξ, Sη] + [Sξ, Rη]〉
(5.7)
= −〈[a, Rξ], Rη〉+ 〈[a, Sξ], Sη〉+ i〈[a, Rξ], Sη〉+ i〈[a, Sξ], Rη〉
(4.32)
= −〈(RAR+ SAS)ξ, η〉+ i〈(RAS − SAR)ξ, η〉
(4.1),(4.33)
= −〈(RAkR+ SAkS)ξ, η〉+ i〈(RAmS − SAmR)ξ, η〉.
Since the algebra a is commutative, [Rx, Sx] = [Rx, adaa(x)] = [Sx, adaa(x)] =
0 on g for any x ∈ W+. Similarly, from [a, z(h)] = 0 it follows that [Rx, adzh ] =
[Sx, adzh ] = 0 on g for any x ∈W+. Thus ω˜(Zξ, Zη) = 0 for all ξ, η ∈ m+ if and
only if for all x ∈ W+, Equations (5.5) hold, because relations (4.1), (4.33) hold
and the space a ⊕ h (a ⊂ m, h ⊂ k) is the kernel of Rx and Sx (Rx(m) = m+,
Sx(k) = m
+, that is, Rx(a) = 0, Sx(h) = 0).
If ak(x) = 0 then the condition (5.5) implies (R2x+S
2
x) adzh(m
+) = 0. Since for
each x ∈ W+ by (4.15), adzh(mλ) ⊂ mλ and cosh−2 λ′(x)− sinh−2 λ′(x) 6= 0, we
obtain that adzh(m
+) = 0. But adzh(a) = 0 by its definition, that is, [zh,m] = 0.
If G/K is an irreducible symmetric space then the algebra g is generated by m
and therefore zh = 0.
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Next we calculate also the value iω˜(Zξ, Zη) = iω˜(Zξ, Zη − Zη):
iω˜(Zξ, Zη) = −i〈a, [Rξ − iSξ, 2iSη]〉
= −2i〈a, [Sξ, Sη]〉+ 2〈a, [Rξ, Sη]〉
= −2i〈[a, Sξ], Sη〉+ 2〈[a, Rξ], Sη〉 = 2i〈(SAS)ξ, η〉 − 2〈(SAR)ξ, η〉
= 2i
〈(
S(adak+zh)S
)
ξ, η〉 − 2〈(S(adaa+am)R)ξ, η〉
(5.11)
or well, for any vectors ξjλ, ξ
k
µ, λ, µ ∈ Σ+, Equations (5.6) hold.
Since by (4.33) the subspacem+H⊕k+H ⊂ gH is Rx, Sx invariant, [gH ,m+H⊕k+H ] ⊂
gH⊥m+∗ ⊕ k+∗ , [z(h), gH ] = 0, then from (5.11) we obtain that iω˜(Zξ, Zη) = 0 for
all ξ ∈ m+H and η ∈ m+∗ .
Now all assertions of Theorem 5.1 follows from Theorem 4.8. 
Also Theorem 4.8 immediately implies the following
Corollary 5.3. Let G/K be a Riemannian symmetric space of compact type.
Each G-invariant Ka¨hler metric g, associated with the canonical complex struc-
ture JKc on G/H × W+ ∼= T+(G/K) (T+(G/K) is an open dense subset of
T (G/K) ), is determined precisely by the Ka¨hler form ω(·, ·) = g(−JKc ·, ·) on
G/H ×W+ given by
(πH × id)∗ω = dθ˜a,
where a is the unique smooth vector-function a : R+ → gH in (5.3) satisfying
Conditions (1)−(3) of Theorem 5.1. If, in addition, condition (4) of Theorem 5.1
holds, this metric g is Ricci-flat.
Corollary 5.4. The G-invariant function Q : G/H × W+ → R, Q(gH, x) =
2f(x), where f ∈ C∞(W+,R), is a potential function of the Ka¨hler structure
(ω, JKc ) on G/H ×W+ (equivalently (πH × id)∗ω ∈ K(G ×W+)) if and only if
(πH × id)∗ω = dθ˜a, where a : W+ → W+, a(x) =
∑r
k=1
∂f
∂xk
(x)Xk, is a W
+-
valued vector-function such that for all x ∈ W+ the matrix
( ∂2f
∂xj∂xk
(x)
)
is
positive-definite.
This Ka¨hler structure with G-invariant potential function Q is Ricci-flat Ka¨hler
(equivalently (πH × id)∗ω ∈ R(G×W+)) if and only if
(5.12) det
(
∂2f
∂xj∂xk
)
·
∏
λ∈Σ+
(
2λ′(a)
sinh 2λ′(a)
)mλ
≡ const.
Proof. Let f ∈ C∞(W+,R) be an arbitrary function. Consider the form i∂¯∂Q.
By definition, ∂Q|F = dQ|F and ∂Q|F = 0. Denote by ∆˜ the 1-form (πH ×
id)∗(∂Q) on G ×W+. By (4.29), the form ∆˜ is the unique 1-form on G ×W+
such that
∆˜(g,x)
(
X lk(g),−i ∂∂xk (x)
)
= −2i ∂f∂xk (x), ∆˜(g,x)
(
X lk(g), i
∂
∂xk
(x)
)
= 0,
∆˜(g,x)
(
ηl(g), 0
)
= 0 for all η ∈ g, 〈η, a〉 = 0, k = 1, . . . , r.
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It is easy to verify that ∆˜ = −iθ˜a + 12dQ:
∆˜(g,x)
(
ξl(g),
∑r
k=1 tk
∂
∂xk
(x)
)
= −i〈∑rk=1 ∂f∂xk (x)Xk, ξ〉+∑rk=1 tk ∂f∂xk (x),
for all ξ ∈ g, tk ∈ R. Thus i · d∆˜ = dθ˜a. The form dθ˜a =
∑r
k=1 dxk ∧ θ˜a[k] − ω˜a
is right H-invariant because a(x) ∈ a ⊂ gH . Its kernel contains kernel (4.28) of
the submersion πH × id because 〈a, h〉 = 0 and [a, h] = 0. Therefore there exists
a unique 2-form ω on G/H ×W+ such that dθ˜a = (πH × id)∗ω. Since
dθ˜a = i ·d∆˜ def= i ·d((πH× id)∗(∂Q)) = i(πH× id)∗(d(∂Q)) = (πH× id)∗(i∂¯(∂Q))
and πH × id is a submersion, we obtain that i∂¯∂Q = ω.
To prove that the form ω is a Ka¨hler form note that our form dθ˜a is a special
case of the form considered in Theorem 5.1.
Indeed, choosing the vector-function a as in Theorem 5.1 such that its com-
ponents zh, a
k, am vanish identically on W+ so that a(x) =
∑r
k=1
∂f
∂xk
(x)Xk,
we obtain from (5.6) for this function a that: (1) the p × p-matrix-function
wH(x), p = dimmH , is diagonal except for the first r × r-block
(
2 ∂
2f
∂xk∂xj
(x)
)
,
k, j ∈ {1, . . . , r}; (2) the s× s-matrix w∗(x), s = dimm+∗ , is diagonal.
Then the Hermitian matrices wH(x), w∗(x) are positive-definite if and only if
the matrix
(
∂2f
∂xj∂xk
(x)
)
is positive-definite and the condition
wj
λ
|j
λ
(x) = 2λ′
(
a(x)
)
/
(
cosh λ′(x) · sinhλ′(x)) > 0 is satisfied for all restricted
roots λ ∈ Σ+ and j = 1, . . . ,mλ. Since x ∈ W+, one has sinhλ′(x) > 0,
coshλ′(x) > 0, so the previous condition can be simplified to λ′
(
a(x)) > 0 for
all λ ∈ Σ+, which amounts to the fact that a(W+) ⊂W+.
Taking into account that condition (5.12) is condition (4) of Theorem 5.1 in
our special case, we obtain the last statement of the corollary. 
6. New complete invariant Ricci-flat Ka¨hler metrics on TS2
Let g be a compact Lie algebra and let σ, k, m, a, Σ, etc. be as in Sub-
section 4.1. We continue with the previous notations but in this section it is
assumed in addition that G/K is the rank-one Riemannian symmetric space S2,
that is G/K = SO(3)/SO(2)
(
also S2 ∼= CP1 ∼= SU(2)/S(U(1)×U(1))). In this
case the Lie algebra g is the algebra so(3) of skew-symmetric 3×3 real matrices.
Denote by Ejk the elementary 3 × 3 matrix with 1 in the entry in the jth row
and the kth column and 0 elsewhere. Then the set of vectors {X,Y,Z}, where
X
def
= E12 − E21, Y def= E13 − E31 and Z def= E23 − E32,
is a basis of the three-dimensional Lie algebra g. The compact Lie subalgebra
k = RZ of the semisimple Lie algebra g = so(3) is a Cartan subalgebra of g.
Fix on g = so(3) the invariant trace form given by 〈B1, B2〉 = −12 trB1B2,
B1, B2 ∈ so(3). Then all three vectors X,Y,Z have the same length equal to 1
and the space m = RX⊕RY is the orthogonal complement of k = RZ in g. Since
G/K is a rank-one symmetric space, each nonzero vector from the subspace m
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generates a Cartan subspace of m. Fix the Cartan subspace a = RX of m. It is
easy to verify that
(6.1) [X,Y ] = −Z, [X,Z] = Y, [Z, Y ] = X and [Z, [Z,w]] = −w, ∀w ∈ m.
From (6.1) it follows that the restricted root system Σ = {±ε}, where ε ∈ (aC)∗
and ε′(X) = 1, where, recall, ε = iε′. Also by (6.1), m+ = mε = RY , k
+ = kε =
RZ and the algebra h = 0 (h is the centralizer of a = RX in k = RZ). Therefore
the centralizer gh of h = 0 in g coincides with the whole Lie algebra g. Remark
also that the domain W+ = {xX : x ∈ R, x > 0} can be naturally identified
with R+. From (6.1) we have Adexp tZ X = e
t adZ (X) = cos tX − sin tY .
But K = {exp tZ, t ∈ R} and, as it is easy to verify, exp tZ = E11+cos t(E22+
E33) + sin tZ. Thus the map K → m, exp tZ 7→ Adexp tZ X, is a one-to-one map
and therefore, H = {e}, mR = m\{0} and gH = g. Moreover, one obtains
G×W+ ∼= D+ = G×K mR = (G×K m)\(G ×K {0}) ∼= T+S2,
where T+S2 is the punctured tangent bundle T+S2 = TS2\{zero section} of S2.
Theorem 6.1. Let G/K = SO(3)/SO(2) = S2. A 2-form ω on the punctured
tangent bundle G ×W+ ∼= T+S2 of S2 defines a G-invariant Ka¨hler structure,
associated to the canonical complex structure JKc , and the corresponding metric
ω(JKc ·, ·) is Ricci-flat, if and only if ω on G×W+ is expressed as ω = dθ˜a, where
the vector-function a(x) = f ′(x)X + cZcosh xZ, cZ being an arbitrary real number
and
(6.2) f ′(x) =
√
C sinh2 x+ c2Z sinh
2 x cosh−2 x+ C1,
for some real constants C > 0 and C1 > 0.
The corresponding G-invariant Ricci-flat Ka¨hler metric g = g(C,C1, cZ) on
T+S2 ∼= G × W+ is uniquely extendable to a smooth complete metric on the
tangent bundle TS2 if and only if C1 = 0 (that is, limx→0 f
′(x) = 0).
Proof. By Theorem 5.1 we have to describe all vector-functions a : R+ → g
(gH = g) satisfying Conditions (1)−(4) of that theorem. Then the 2-form ω˜ = dθ˜a
belongs to the space R(G ×W+). Remark here that since H = {e}, one has
G/H = G and ω˜ = ω.
By their definitions, for Rx
def
= RxX and Sx
def
= SxX , xX ∈W+,
Rx|mε⊕kε = 1cosh xIdmε⊕kε and Sx|mε⊕kε = 1sinhx adX |mε⊕kε .(6.3)
Put ξ1ε = Y ∈ mε. In the notation of the previous subsection, ζ1ε = Z ∈ kε.
Now we have to verify Conditions (1)−(4) of Theorem 5.1 for the vector-function
a(x) = aa(x) + ak(x) + am(x) = f ′(x)X + fZ(x)Z + fY (x)Y,
where
f ∈ C∞(R+,R), fY (x) = cY
sinhx
, fZ(x) =
cZ
coshx
, cY , cZ ∈ R.
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Remark here that h = 0 and, consequently, the center z(h) = 0. Consider now
Conditions (5.5). We have m+ = RY . Using (6.3), we can rewrite the first
condition in (5.5) for the vector Y = ξ1ε as
(6.4) 1coshx · Rx
[
fZ(x)Z, Y
]
+ 1sinhx · Sx
[
fZ(x)Z, adX Y
]
= 0.
The first term in (6.4) vanishes because [Z, Y ] = X ∈ a and Rx(a) = 0; the
second term vanishes because adX Y = −Z.
Consider now the second condition in (5.5). Using (6.3) again, we can rewrite
this condition for the vector Y ∈ mε as
(6.5) 1sinhx ·Rx
[
fY (x)Y, adX Y
]− 1coshx · Sx[fY (x)Y, Y ] = 0.
The first term vanishes because adX Y = −Z, [Y,−Z] = X ∈ a and Rx(a) = 0.
Thus condition (6.5) holds.
It is easy to verify that the 2 × 2 Hermitian matrix wH(x) (see Theorem
5.1,(2)) is the matrix with entries
(6.6) w11(x) = 2f
′′(x), w1|1ε(x) = 2
(
i cZ
cosh2 x
− cY
sinh2 x
)
, w1
ε|
1
ε
(x) = 2f
′(x)
cosh x sinhx .
Calculating the determinant of the Hermitian matrix wH(x) (as m
+
∗ = 0 in
our case) we obtain that by Theorem 5.1,(4), the corresponding form ω˜ = dθ˜a
belongs to the space R(G ×W+) if and only if
(6.7) f ′′(x) > 0 and f ′′(x)f ′(x) =
(
C +
c2Z
cosh4 x
+
c2Y
sinh4 x
)
coshx sinhx
for all x ∈ R+ and for some constant C ∈ R+. Then
(6.8) f ′(x) =
√
C cosh2 x− c2Z cosh−2 x− c2Y sinh−2 x+ C2,
where C2 ∈ R. By (6.7), f ′′(x) > 0 if and only if f ′(x) > 0. Therefore there
exists a solution of (6.7) on the whole semi-axis if and only if cY = 0. Putting
C2 = c
2
Z − C + C1 one can rewrite (6.8) (with cY = 0) in the form (6.2).
Let us prove the last statement of the theorem. By its definition, ω˜ = dθ˜a.
Since a(x) = f ′(x)X + cZcoshxZ, by the expression (5.4) at the point (g, x) ∈
G×W+ (W+ = R+) we have
ω˜(g,x)
(
(ξl1(g), t1
∂
∂x), (ξ
l
2(g), t2
∂
∂x)
)
= −〈f ′(x)X + cZcoshxZ, [ξ1, ξ2]〉
+ f ′′(x)
(
t1
〈
X, ξ2
〉− t2〈X, ξ1〉)− cZ sinhxcosh2 x (t1〈Z, ξ2〉− t2〈Z, ξ1〉),(6.9)
where ξ1, ξ2 ∈ g = TeG and t1, t2 ∈ R. Our aim is to find the expression for
the form ωR = ((f+)−1)∗ω on the space G ×K mR ∼= T+(G/K) where, recall,
f+: G/H × W+ → G ×K mR is a G-equivariant diffeomorphism. But by the
diagram (4.22) there exists a unique form ω˜R on G×mR such that
(6.10) ω˜R = π∗ωR and ω˜ = id∗ω˜R.
Thus it is sufficient to calculate the form ω˜R on the space G × mR. By the
second expression in (6.10),
ω˜R(g,xX)
((
ξl1(g), t1X
)
,
(
ξl2(g), t2X
))
= ω˜(g,x)
((
ξl1(g), t1
∂
∂x
)
,
(
ξl2(g), t2
∂
∂x
))
36 P. M. GADEA, J. C. GONZA´LEZ-DA´VILA, AND I. V. MYKYTYUK
and because 〈X,X〉 = 1, one gets
ω˜R(g,xX)
(
(ξl1(g), t1X), (ξ
l
2(g), t2X)
)
= −〈f ′(x)x xX + cZcosh xZ, [ξ1, ξ2]〉+ 〈f ′′(x)t1X, ξ2〉− 〈f ′′(x)t2X, ξ1〉
− cZ sinhx
x cosh2 x
(〈
t1X,xX
〉〈
Z, ξ2
〉− 〈t2X,xX〉〈Z, ξ1〉).
(6.11)
Consider on the whole tangent space T(g,w)(G × mR) (w 6= 0), the following
bilinear form ∆,
∆(g,w)
(
(ξl1(g), u1), (ξ
l
2(g), u2)
)
= −〈f ′(|w|)|w| w + cZcosh |w|Z, [ξ1, ξ2]〉
+
〈f ′(|w|)
|w| u1 +
(
f ′(|w|)
|w|
)′
〈w,u1〉
|w| w, ξ2
〉
− 〈f ′(|w|)|w| u2 + ( f ′(|w|)|w| )′ 〈w,u2〉|w| w, ξ1〉
− cZ sinh |w|
|w| cosh2 |w|
(〈
u1, w
〉〈
Z, ξ2
〉− 〈u2, w〉〈Z, ξ1〉+ 〈Z, [u1, u2]〉),
(6.12)
where ξ1, ξ2 ∈ g = TeG, u1, u2 ∈ m = TwmR. Here |w|2 = 〈w,w〉 (|xX| = x). It
is clear that this form is skew-symmetric. Since
(
f ′(|w|)
|w|
)′
= f
′′(|w|)
|w| − f
′(|w|)
|w|2
and
[t1X, t2X] = 0, it is easy to verify that
∆(g,xX)
(
(ξl1(g), t1X), (ξ
l
2(g), t2X)
)
= ω˜R(g,xX)
(
(ξl1(g), t1X), (ξ
l
2(g), t2X)
)
,
i.e. the restrictions of ω˜R and ∆ to G ×W+ coincide. Now to prove that the
differential forms ω˜R and ∆ coincide on the whole space G×mR it is sufficient to
show that the form ∆ is left G-invariant, rightK-invariant and its kernel contains
(and therefore coincides with) the subbundle K defined by relation (4.23).
Since for each k ∈ K the scalar product 〈·, ·〉 is Adk-invariant, Adk is an
automorphism of g and Adk(Z) = Z (k = exp tZ for some t ∈ R) whence (3.22)
holds, that is, ∆ is left G-invariant and right K-invariant. We now prove that
K ⊂ ker∆. Taking into account that by definition 〈Z,m〉 = 0, 〈Z,Z〉 = 1, by
the invariance of the scalar product, 〈ξ, [ξ, η]〉 = 0, ∀ξ, η ∈ g, and by (6.1)〈
Z, [u1, [w,Z]]
〉
=
〈
Z, [[Z,w], u1 ]
〉
=
〈
[Z, [Z,w]], u1
〉
= −〈w, u1〉,
we obtain that
∆(g,w)
(
(ξl1(g), u1), (Z
l(g), [w,Z])
)
= −〈f ′(|w|)|w| w + cZcosh xZ, [ξ1, Z]〉
+
〈f ′(|w|)
|w| u1 +
(
f ′(|w|)
|w|
)′
〈w,u1〉
|w| w,Z
〉− 〈f ′(|w|)|w| [w,Z]
+
(
f ′(|w|)
|w|
)′ 〈w,[w,Z]〉
|w| w, ξ1
〉
− cZ sinh |w|
|w| cosh2 |w|
(〈
u1, w
〉〈
Z,Z
〉− 〈[w,Z], w〉〈Z, ξ1〉+ 〈Z, [u1, [w,Z]]〉)
= −〈f ′(|w|)|w| w, [ξ1, Z]〉− 〈f ′(|w|)|w| [w,Z], ξ1〉− cZ sinh |w||w| cosh2 |w|(〈u1, w〉− 〈w, u1〉) = 0.
Thus ω˜R = ∆ on G×mR (K = ker∆ because the form ω = ω˜ is nondegenerate).
It is easy to verify that there exists an even real analytic function, ψ4(x), on the
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whole axis R, such that (f ′(x))2 is the restriction to R+ of the function
(6.13) ψ(x) = C1 + (C + c
2
Z)x
2 + ψ4(x)x
4, ψ(x) > C1, x ∈ R \ {0}
(see (6.2)). Expression (6.11) determines a smooth 2-form at (g, 0) ∈ G × m
if and only if limx→0 f
′(x) = 0, that is, if and only if C1 = 0. In this case,
expression (6.12) (which, possibly, is not the unique expression representing the
form ω˜R) determines a smooth 2-form on the whole space G×m because
√
ψ(x)
x
and 1x
(√
ψ(x)
x
)′
are even real analytic functions on the whole axis. We will
denote this form (extension) on G×m by ω˜R0 . There exists a unique 2-form ωR0
on G ×K m ∼= T (G/K) such that ω˜R0 = π∗ωR0 . The forms ωR0 and ωR coincide,
by construction, on the open submanifold G ×K mR ∼= T+(G/K), i.e. ωR0 is a
smooth extension of ωR. But by (6.6) and (6.13) for C1 = 0
lim
x→0
w11(x) = 2
√
C + c2Z , limx→0
w1|1ε(x) = 2icZ , limx→0
w1
ε|
1
ε
(x) = 2
√
C + c2Z ,
i.e. the corresponding limit 2 × 2 Hermitian matrix limx→0wH(x) is positive-
definite. Thus by Corollary 4.10, ωR0 is the Ka¨hler form of the metric g0 (the
extension of g) on G×K m ∼= T (G/K), for G/K = S2.
Next, we show that the metric g0 on G×Km ∼= TS2 is complete. To prove this,
we consider again the description of the form ω in (6.9) on the space G×W+ ∼=
G×K mR ∼= T+S2 (G = SO(3), H = {e} and ω˜ = ω). For our aim it is sufficient
to calculate the distance dist(b, c) between the compact subsets G × {b} and
G × {c}, where dist(b, c) = inf{d(pb, pc), pb ∈ G × {b}, pc ∈ G × {c}}. Since the
sets G × {x} are compact, it is clear that the metric g0 is complete if and only
if for some b > 0 one has limc→∞ dist(b, c) =∞.
To calculate the function dist(b, c) note that the tangent bundle T (G/K) ∼=
G ×K m is a cohomogeneity-one manifold, i.e. the Lie group G acts on this
manifold with a codimension-one orbit. We will use only one fundamental fact
on the structure of these manifolds [22]: A unit smooth vector field U on a G-
invariant domain D ⊂ T (G/K) which is g0-orthogonal to each G-orbit in D is a
geodesic vector field, i.e. its integral curves are geodesics of the metric g0.
We now describe such a vector field U on G×W+ ∼= T+(G/K). Put
(6.14) fU(x) =
(
f ′(x) cosh3 x
f ′′(x)f ′(x) cosh3 x− c2Z sinhx
)1/2
, x ∈ R+.
Lemma 6.2. Such a unit vector field U on G ×W+ is determined by the ex-
pression
U(g, x) = fU (x) ·
(
cZ sinhx
f ′(x) cosh2 x
Y l(g),
∂
∂x
)
.
For the coordinate function x on G×W+ the following inequality holds
(6.15)
∣∣dx(g,x)(ξl(g), t ∂∂x)∣∣ 6 fU (x) · ∥∥(ξl(g), t ∂∂x )∥∥(g,x),
where
(
ξl(g), t ∂∂x
) ∈ T(g,x)(G ×W+) and ‖ · ‖ is the norm determined by the
metric g.
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Proof. (Of the Lemma.) Let us rewrite the expression (6.9) as
ω(g,x)
((
ξl1(g), t1
∂
∂x
)
,
(
ξl2(g), t2
∂
∂x
))
= t1
(
f ′′(x)
〈
X, ξ2
〉− cZ sinhx
cosh2 x
〈
Z, ξ2
〉)
+
〈
[f ′(x)X +
cZ
coshx
Z, ξ2]− f ′′(x)t2X + cZ sinhx
cosh2 x
t2Z, ξ1
〉
.
(6.16)
Therefore for ξ2 = aX + bY + cZ, a, b, c ∈ R, by the commutation relations (6.1)
we have
ω(g,x)
((
ξl1(g), t1
∂
∂x
)
,
(
(aX + bY + cZ)l(g), t2
∂
∂x
))
= t1
(
f ′′(x)a− cZ sinhx
cosh2 x
c
)
+
〈(
b cZcoshx − f ′′(x)t2
)
X, ξ1
〉
+
〈(
cf ′(x)− a cZcosh x
)
Y +
(
cZ sinhx
cosh2 x
t2 − bf ′(x)
)
Z, ξ1
〉
.
(6.17)
Since the vector field U is g-orthogonal to the subbundle V ⊂ T (G × W+)
generated by the vector fields (ξl1, 0), ξ1 ∈ g, then U is ω-orthogonal to the
subbundle JKc (V ) generated by (ξ
l
1, t1
∂
∂x), ξ1 ∈ g, 〈ξ1,X〉 = 0, t1 ∈ R, because
by (4.27),
(6.18) JKc (X
l, 0) = (0, ∂∂x) and J
K
c (Y
l, 0) = (− cosh xsinhxZ l, 0)).
Putting U =
(
(aX + bY + cZ)l, τ ∂∂x
)
, where a, b, c, τ are functions of x, we
obtain the following orthogonality conditions
af ′′ − c cZ sinhx
cosh2 x
= 0, cf ′ − a cZcosh x = 0, τ cZ sinhxcosh2 x − bf ′ = 0,
with the solution: a = 0, c = 0 and b = τ cZ sinhx
f ′ cosh2 x
. Thus U = τ
(
cZ sinhx
f ′ cosh2 x
Y l, ∂∂x
)
.
Since ‖U‖ def= ω(JKc (U), U) ≡ 1, then by (6.17) and (6.18)
τ2ω
((− cZf ′ coshxZ l −X l, 0), ( cZ sinhxf ′ cosh2 xY l, ∂∂x)) = τ2(f ′′ − c2Z sinhxf ′ cosh3 x) ≡ 1.
Thus U(g, x) =
(
f ′(x) cosh3 x
f ′′(x)f ′(x) cosh3 x−c2
Z
sinhx
)1/2 (
cZ sinhx
f ′(x) cosh2 x
Y l(g), ∂∂x
)
.
To prove the inequality in the statement let us find the Hamiltonian vector
field Hx of the (G-invariant) function x. Putting Hx =
(
(a0X+b0Y +c0Z)
l, τ0
∂
∂x
)
,
where a0, b0, c0, τ0 are functions of x, we obtain the following relation
t1=dx
(
ξl1, t1
∂
∂x
)def
=ω
(
(ξl1, t1
∂
∂x), H
x
)
=ω
(
(ξl1, t1
∂
∂x),
(
(a0X + b0Y + c0Z)
l, τ0
∂
∂x
))
,
for arbitrary t1 ∈ R, ξ1 ∈ g. Using (6.17) again we obtain the following equations:
a0f
′′ − c0 cZ sinhxcosh2 x = 1, b0
cZ
coshx = τ0f
′′, c0f
′ = a0
cZ
coshx , τ0
cZ sinhx
cosh2 x
= b0f
′
with the following solution: b0 = 0, τ0 = 0 and
(6.19) a0 = c0 · f ′ coshxcZ , c0 =
cZ cosh
2 x
f ′′f ′ cosh3 x−c2
Z
sinhx
.
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Thus Hx =
(
(a0X + c0Z)
l, 0
)
. Since JKc (H
x) =
(
c0
sinhx
coshxY
l, a0
∂
∂x
)
we have that
‖Hx‖2 def=ω((c0 sinhxcosh xY l, a0 ∂∂x), ((a0X + c0Z)l, 0))
=c20f
′ sinhx
coshx − 2a0c0 cZ sinhxcosh2 x + a20f ′′.
Taking into account (6.19) we obtain that ‖Hx‖2 = f ′ cosh3 x
f ′′f ′ cosh3 x−c2
Z
sinhx
. Hence
‖Hx‖ = fU . Now, by the Cauchy-Schwarz inequality for metrics one has∣∣dx(ξl1, t1 ∂∂x)∣∣ = ∣∣ω((ξl1, t1 ∂∂x), Hx)∣∣ = ∣∣g((ξl1, t1 ∂∂x), JKc (Hx))∣∣
6
∥∥JKc (Hx)∥∥ · ∥∥(ξl(g), t1 ∂∂x)∥∥ = ‖Hx‖ · ∥∥(ξl(g), t1 ∂∂x)∥∥,
that is, we obtain (6.15). 
Using now the vector field U we shall calculate the distance between the
level sets G × {b} and G × {c} in G ×W+ with respect to the metric g. Let
γ(t) = (ĝ(t), x̂(t)), t ∈ [0, T ], be the integral curve of the vector field U with initial
point pb in G×{b}, that is, x̂(0) = b. There exists a function h on R+ such that
the function h(x̂(t)) is linear in t. It is easy to verify that h(x) =
∫ x
b
1
fU(s)
ds,
because
d
dt
h
(
x̂(t)
)
= h′
(
x̂(t)
) · x̂′(t) = h′(x̂(t)) · dx(γ′(t)) = h′(x̂(t)) · (fU(x̂(t))) = 1.
Suppose that pc ∈ G × {c}, where pc = γ(tc), tc ∈ [0, T ]. Since the curve γ
is a geodesic, the length of the curve γ(t), t ∈ [0, tc], from pb to pc is tc =
h(x(pc))− h
(
x(pb)
)
= h(c)− h(b). Thus dist(b, c) > h(c)− h(b).
For any other curve γ1(t) =
(
ĝ1(t), x̂1(t)
)
, with ‖γ′1(t)‖ = 1, starting at the
point pb, and ending at a point p
1
c ∈ G×{c}, p1c = γ1(t1c) (of length t1c), we have
by Lemma 6.2
d
dt
h
(
x̂1(t)
)
= h′
(
x̂1(t)
) · dx(γ′1(t)) 6 1fU(x̂1(t)) · fU (x̂1(t))) · ‖γ′1(t)‖ = 1.
Thus h(c) − h(b) 6 t1c and the length t1c of the curve γ1 from pb to p1c is not
less than the length of the curve γ(t), t ∈ [0, tc]. So the distance between the
level surfaces G× {b} and G× {c} is |h(c) − h(b)|.
Now, since by (6.2) and (6.7) for C1 = 0
f ′(x) =
√
C sinh2 x+ c2Z sinh
2 x cosh−2 x,
f ′′(x) =
(
C sinhx coshx+ c2Z sinhx cosh
−3 x
)
/f ′(x),
(6.20)
we see that f ′(x) ∼ √C sinhx, f ′′(x) ∼ √C sinhx and, by (6.14), 1fU (x) ∼(√
C sinhx
)1/2
as x → ∞. Therefore limx→∞ h(x) = ∞. Hence the metric
g0 = g0(C, cZ , 0) (that is, for C1 = 0) on the tangent bundle T (G/K) ∼= G×K m
is complete for any C > 0, cZ ∈ R. 
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The proof of Theorem 6.1 above and Corollary 5.4 immediately imply the
following
Corollary 6.3. Let G/K = SO(3)/SO(2) = S2. A 2-form ω on the punctured
tangent bundle G×W+ ∼= T+S2 of S2 determines a G-invariant Ka¨hler structure,
associated to the canonical complex structure JKc if and only if ω on G×W+ is
expressed as ω = dθ˜a, for the vector-function a(x) = f ′(x)X + cZcoshxZ +
cY
sinhxY ,
where cZ , cY ∈ R, f ∈ C∞(R+,R) and
f ′′(x) > 0, ∀x ∈ R+, f
′′(x)f ′(x)
cosh x sinhx
− c
2
Z
cosh4 x
− c
2
Y
sinh4 x
> 0, ∀x ∈ R+.
In particular, if cZ = cY = 0 then the function (g, x) 7→ 2f(x) on G ×W+ is a
potential function of the Ka¨hler structure (ω, JKc ).
Finally, we relate the metrics g(C, cZ , C1) of Theorem 6.1 with the Eguchi-
Hanson and Stenzel metrics. We will show that our metrics coincide with the
well-known (hyper-Ka¨hler) Eguchi-Hanson metrics if C1 = 0 and cZ = 0. To
prove it, let us rewrite the metrics g(C, cZ , C1) in terms of the left G-invariant
forms θX , θY and θZ on the Lie algebra G = SO(3). Indeed, taking into account
the commutation relations (6.1) for any ξ1, ξ2 ∈ g = TeG, we have
[ξ1, ξ2] = −
(
θYe ∧ θZe
)
(ξ1, ξ2) ·X +
(
θXe ∧ θZe
)
(ξ1, ξ2) · Y −
(
θXe ∧ θYe
)
(ξ1, ξ2) · Z.
Taking into account expression (6.9) for the Ka¨hler form ω = ω˜, we obtain that
ω = f ′(x)θY ∧ θZ + cZcoshxθX ∧ θY + f ′′(x)dx ∧ θX − cZ sinhxcosh2 x dx ∧ θZ .
But g(·, ·) = ω(JKc ·, ·) and therefore by (6.18),
ds2 = f ′′(x)(dx2) + f ′(x) sinhxcosh x(θ
Z)2 + f ′(x) cosh xsinhx (θ
Y )2 + f ′′(x)(θX)2
− cZ
(
sinhx
cosh2 x
(θXθZ + θZθX) + 1coshx(dx θ
Y + θY dx)
)
,
where the functions f ′(x) and f ′′(x) are described by expressions (6.20). Putting
cZ = 0 (then f
′(x) =
√
C sinhx) we obtain the “diagonal” Stenzel metric
(1/
√
C)ds2 = coshx(dx)2 + sinhx tanhx(θZ)2 + cosh x(θY )2 + coshx(θX)2,
which for C = 1 after the change of variable cosh x = (t/ℓ)2 becomes the Eguchi-
Hanson metric with parameter ℓ (see Gibbons and Pope [23, (4.17)]).
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